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Abstract
Stochastic gradient descent (SGD) type optimization schemes are fundamental in-
gredients in a large number of machine learning based algorithms. In particular,
SGD type optimization schemes are frequently employed in applications involving
natural language processing, object and face recognition, fraud detection, computa-
tional advertisement, and numerical approximations of partial differential equations.
In mathematical convergence results for SGD type optimization schemes there are
usually two types of error criteria studied in the scientific literature, that is, the
error in the strong sense and the error with respect to the objective function. In
applications one is often not only interested in the size of the error with respect to
the objective function but also in the size of the error with respect to a test function
which is possibly different from the objective function. The analysis of the size of this
error is the subject of this article. In particular, the main result of this article proves
under suitable assumptions that the size of this error decays at the same speed as in
the special case where the test function coincides with the objective function.
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Chapter 1
Introduction
Stochastic gradient descent (SGD) type optimization schemes are fundamental ingre-
dients in a large number of machine learning based algorithms. In particular, SGD
type optimization schemes are frequently employed in applications involving natural
language processing (cf., e.g., [27,44,47,49,57,106]), object and face recognition (cf.,
e.g., [50, 62, 95, 100, 104]), fraud detection (cf., e.g., [24, 88]), computational adver-
tisement (cf., e.g., [103, 110]), price formation (cf., e.g., [96]), portfolio hedging (cf.,
e.g., [21]), financial model calibration (cf., e.g., [6, 71]), and numerical approxima-
tions of partial differential equations (PDEs) (cf., e.g., [8, 9, 39, 40, 45, 46, 74, 77, 97]).
In view of the success of the SGD type optimization schemes in the above sketched
applications, SGD type optimization schemes have also been intensively studied in
the scientific literature. In particular, we refer, e.g., to [14,18,89] for overview articles
on SGD type optimization schemes, we refer, e.g., to [13,15,29,30,32,36,37,58,64,65,
69,72,73,79,82,83,84,92,93,94,98,108,109,111] and the references mentioned therein
for the derivation and the proposal of SGD type optimization schemes, we refer, e.g.,
to [4, 5, 16, 19, 28, 35, 51, 56, 67, 75, 78, 80, 81, 85, 86, 99, 107, 112] and the references
mentioned therein for numerical simulations for SGD type optimization schemes,
and we refer, e.g., to [7, 10, 11, 12, 26, 31, 33, 43, 44, 47, 48, 52, 62, 66, 90, 91, 107, 112]
and the references mentioned therein for applications involving neural networks
and SGD type optimization schemes. There are also a number of rigorous math-
ematical results on SGD type optimization schemes which aim to contribute to
an understanding toward the success and the limitations of SGD type optimiza-
tion schemes (cf., e.g., [35, 53, 55, 56, 63, 78, 81, 85, 101] for mathematical results
in case of strongly convex objective functions, cf., e.g., [3, 4, 5, 17, 105] for mathe-
matical results in case of convex but possibly non-strongly convex objective func-
tions, and cf., e.g., [2, 20, 22, 23, 41, 42, 68, 70, 72] for mathematical results in case
8of possibly non-convex objective functions). In mathematical convergence results
for SGD type optimization schemes there are usually two types of error criteria
studied in the scientific literature, that is, (I) the error in the strong sense (cf.,
e.g., [3, 4, 19, 35, 53, 55, 78, 78]) and (II) the error with respect to the objective func-
tion (cf., e.g., [3, 4, 5, 35, 55, 56, 63, 81, 85, 101, 105]). More specifically, suppose that
the objective function f : Rd → R which we intend to minimize by means of an SGD
type optimization scheme satisfies for all x ∈ Rd that f(x) = E[F (x, Z)], where
d ∈ N = {1, 2, 3, . . .}, where Z : Ω → S is a random variable on a probability space
(Ω,F ,P) with values in a measurable space (S,S), and where F : Rd × S → R is a
sufficiently regular function (cf., e.g., [34, Section 1], [53, Theorem 1.1], and [55, The-
orem 1.1]). Moreover, suppose that Ξ ∈ Rd is a minimum point of the objective
function f : Rd → R and suppose that Θ: N0 × Ω → Rd is the stochastic process
induced by the considered SGD type optimization scheme (cf. (1.5) in Theorem 1.0.1
below). Then in the case of (I) one is interested in the size of the strong L2-error
between the minimum point Ξ and Θn as n → ∞ and in the case of (II) one is
interested in the size of the error between the objective function f evaluated at the
minimum point Ξ and the expectation of the objective function f evaluated at Θn as
n→∞. In the case of (II) the error is in some sense weaker but in many situations
one can establish quicker convergence rates for (II), namely, twice the convergence
rate in (I) (see, e.g., [55, items (ii) and (iii) in Theorem 1.1]). In applications one
is usually not only interested in the objective function f evaluated at the minimum
point Ξ but also in some other functional evaluated at the minimum point Ξ and the
analysis of the error corresponding to this approximation problem is the subject of
this article. More formally, the main contribution of this work is to study an error
criteria which is different from (I) and (II) and which essentially generalizes (II),
that is, in this work we study the size of the error between ψ(Ξ) and E[ψ(Θn)] as
n→∞ for any sufficiently regular function ψ : Rd → R (in particular, including the
objective function f : Rd → R as a special case). More specifically, the main result
of this article, Theorem 4.6.2 below, establishes that under suitable convexity type
assumptions the convergence rate of this error is the same convergence rate as in the
special case (II) where the sufficiently regular function ψ : Rd → R coincides with
the objective function f : Rd → R. To illustrate the findings of Theorem 4.6.2 we
now present a special case of the main result of this article.
Theorem 1.0.1. Let d ∈ N, ξ, Ξ ∈ Rd, ε ∈ (0, 1), η, L, c ∈ (0,∞), ψ ∈ C2(Rd,R),
let (S,S) be a measurable space, let (Ω,F ,P) be a probability space, let F =
(F (θ, s))(θ,s)∈Rd×S : Rd × S → R be (B(Rd) ⊗ S)/B(R)-measurable, let Zn : Ω → S,
n ∈ N, be i.i.d. random variables, assume for all s ∈ S that (Rd ∋ θ 7→ F (θ, s) ∈
9R) ∈ C3(Rd,R), assume for all θ, ϑ ∈ Rd that
E
[‖(∇θF )(θ, Z1)‖2Rd] ≤ c[1 + ‖θ‖Rd]2, (1.1)∑3
i=2 infδ∈(0,∞) supu∈[−δ,δ]d E
[|F (θ, Z1)|+ ‖( ∂i∂θiF )(θ + u, Z1)‖1+δL(i)(Rd,R)] <∞, (1.2)
〈θ − ϑ,E[(∇θF )(θ, Z1)]− E[(∇θF )(ϑ, Z1)]〉Rd ≥ L‖θ − ϑ‖2Rd , (1.3)∥∥E[( ∂3
∂θ3
F )(θ, Z1)
]∥∥
L(3)(Rd,R)
+maxi∈{1,2} ‖ψ(i)(θ)‖L(i)(Rd,R) <∞, (1.4)
and ‖E[(∇θF )(θ, Z1)]‖Rd ≤ c‖θ−Ξ‖Rd, and let Θ: N0×Ω→ Rd satisfy for all n ∈ N
that Θ0 = ξ and
Θn = Θn−1 − ηn1−(ε/2) (∇θF )(Θn−1, Zn). (1.5)
Then
(i) it holds that {θ ∈ Rd : (E[F (θ, Z1)] = infϑ∈Rd E[F (ϑ, Z1)])} = {Ξ} and
(ii) there exists C ∈ R such that for all n ∈ N it holds that
|ψ(Ξ)− E[ψ(Θn)]| ≤ Cnε−1. (1.6)
Theorem 1.0.1 is an immediate consequence of Corollary 5.2.1 below. Corol-
lary 5.2.1, in turn, follows from Theorem 4.6.2 which is the main result of this
article. We now introduce some of the notation which we have used in Theo-
rem 1.0.1 above and which we will use in the later part of this article. For ev-
ery d ∈ N we denote by ‖·‖Rd : Rd → [0,∞) the standard norm on Rd, for every
d ∈ N we denote by 〈·, ·〉Rd : Rd × Rd → R the standard scalar product on Rd,
for every k,m, n ∈ N we denote by L(k)(Rm,Rn) the set of all continuous k-linear
functions from Rm × Rm × . . . × Rm = (Rm)k to Rn, for every k,m, n ∈ N we
denote by ‖·‖L(k)(Rm,Rn) : L(k)(Rm,Rn) → [0,∞) the function which satisfies for all
A ∈ L(k)(Rm,Rn) that
‖A‖L(k)(Rm,Rn) = sup
u1,u2,...,uk∈Rm\{0}
‖A(u1, u2, . . . , uk)‖Rn
‖u1‖Rm‖u2‖Rm · · · ‖uk‖Rm , (1.7)
for every m,n ∈ N we denote by L(0)(Rm,Rn) the set given by L(0)(Rm,Rn) = Rn,
and for every m,n ∈ N we denote by ‖·‖L(0)(Rm,Rn) : Rn → [0,∞) the function which
satisfies for all x ∈ Rn that ‖x‖L(0)(Rm,Rn) = ‖x‖Rn . Note that for all m,n ∈ N, A ∈
L(Rm,Rn) it holds that L(Rm,Rn) = L(1)(Rm,Rn) and ‖A‖L(Rm,Rn) = ‖A‖L(1)(Rm,Rn).
Let us also add a few further comments on some of the mathematical objects ap-
pearing appearing in Theorem 1.0.1 above. In Theorem 1.0.1 above we intend to
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approximately solve the stochastic optimization problem in item (i) above. More
specifically, in Theorem 1.0.1 above we intend to weakly approximate the global min-
imizer Ξ ∈ Rd of the function Rd ∋ θ 7→ E[F (θ, Z1)] ∈ R, where F : Rd × S → R is a
sufficiently regular function and where Z1 : Ω→ S is a random variable on the prob-
ability space (Ω,F ,P) with values on the measurable space (S,S). In Theorem 1.0.1
above we intend to accomplish this by means of the stochastic gradient descent pro-
cess Θ: N0×Ω→ Rd defined recursively in (1.5). In (1.6) in item (ii) in Theorem 1.0.1
above we establish that for every sufficiently regular function ψ : Rd → R and every
arbitrarily small ε ∈ (0, 1) it holds that the weak error |ψ(Ξ)− E[ψ(Θn)]| converges
with convergence rate 1 − ε to 0 as n → ∞. The weak error analysis which we use
in our proof of Theorem 1.0.1 above is strongly based on employing first-order Kol-
mogorov backward PDEs associated to ordinary differential equations (ODEs). In
that aspect our strategy of our proof of Theorem 1.0.1 is inspired by the weak error
analysis for numerical approximations of stochastic differential equations (SDEs). In
particular, the weak error analysis for numerical approximations of SDEs is often
based on employing second-order Kolmogorov PDEs associated to SDEs; see, e.g.,
Kloeden & Platen [60, Chapter 14], Ro¨ßler [87, Subsection 2.2.1], Mu¨ller-Gronbach
& Ritter [76, Section 4] and the references mentioned therein for weak error analyses
for numerical approximations of SDEs.
The remainder of this article is organized as follows. As we mentioned earlier,
the weak error analysis which we use in our proof of Theorem 1.0.1 above is strongly
based on employing first-order Kolmogorov backward PDEs associated to ODEs. To
this end, we recall in Chapter 2 existence and regularity properties for solutions of
such first-order Kolmogorov backward PDEs. In Chapter 3 we use the analysis for
first-order Kolmogorov backward PDEs from Chapter 2 to study weak approximation
errors for stochastic approximation algorithms (SAAs) in the case of general learning
rates. In Chapter 4 we specialize the weak error analysis for SAAs in the case of
general learning rates from Chapter 3 to accomplish weak error estimates for SAAs
in the case of polynomially decaying learning rates. In Chapter 5 we apply the weak
error analysis results for SAAs from Chapter 4 to establish weak error estimates for
SGD optimization methods.
Chapter 2
Existence results for solutions of
first-order Kolmogorov backward
partial differential equations
(PDEs)
The weak error analysis which we use in our proof of Theorem 1.0.1 above is strongly
based on employing first-order Kolmogorov backward PDEs associated to ODEs. In
this chapter we present in Proposition 2.4.1 in Section 2.4 below an elementary ex-
istence result for solutions of such first-order Kolmogorov backward PDEs. In our
proof of Proposition 2.4.1 we use the well-known regularity result for solutions of
ODEs in Lemma 2.3.2 in Section 2.3 below and we use the elementary uniqueness
result for solutions of ODEs in Lemma 2.3.4 in Section 2.3 below. Our proof of
Lemma 2.3.4, in turn, employs the well-known result for continuous functions on
compact topological spaces in Lemma 2.2.2 in Section 2.2 below and the well-known
Gronwall integral inequality in Lemma 2.1.2 in Section 2.1 below. In addition, our
proof of Proposition 2.4.1 also uses the essentially well-known result on the possibil-
ity of interchanging derivatives and integrals in Lemma 2.2.6 in Section 2.2 below. A
slightly modified version of Lemma 2.2.6 can, e.g., be found in Durrett [38, Theorem
A.5.1]. In order to formulate the statement of Lemma 2.2.6 we employ the essen-
tially well-known measurability result for derivatives of sufficiently regular functions
in Corollary 2.2.5 in Section 2.2 below. Corollary 2.2.5 follows directly from the
elementary measurability results in Lemmas 2.2.1, 2.2.3, and 2.2.4 in Section 2.2
below. Moreover, in this chapter we present in Lemma 2.1.1 a well-known Gronwall-
type differential inequality, we present in Lemma 2.2.7 a direct generalization of the
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result on the possibility of interchanging derivatives and integrals in Lemma 2.2.6,
we present in Proposition 2.3.1 an essentially well-known existence and uniqueness
result for solutions of ODEs, and we present in Corollary 2.3.3 a direct generalization
of the regularity result for solutions of ODEs in Lemma 2.3.2. In Chapter 3 below
we employ Lemma 2.1.1, Lemma 2.1.2, Lemma 2.2.2, Corollary 2.2.5, Lemma 2.2.6,
Lemma 2.2.7, Proposition 2.3.1, Lemma 2.3.2, Corollary 2.3.3, and Proposition 2.4.1
to study weak approximation errors for SAAs.
2.1 Gronwall-type inequalities
Lemma 2.1.1. Let t ∈ R, T ∈ (t,∞), b ∈ C([t, T ],R), f ∈ C1([t, T ],R) satisfy for
all s ∈ [t, T ] that f ′(s) ≤ b(s)f(s). Then it holds for all s ∈ [t, T ] that
f(s) ≤ f(t) exp
(∫ s
t
b(u) du
)
. (2.1)
Proof of Lemma 2.1.1. Throughout this proof let v : [t, T ] → (0,∞) satisfy for all
s ∈ [t, T ] that
v(s) = exp
(∫ s
t
b(u) du
)
(2.2)
and let g : [t, T ]→ R satisfy for all s ∈ [t, T ] that
g(s) =
f(s)
v(s)
. (2.3)
Observe that for all s ∈ [t, T ] it holds that v′(s) = b(s)v(s). This implies that for all
s ∈ [t, T ] it holds that
g′(s) =
f ′(s)v(s)− f(s)v′(s)
v(s)2
=
f ′(s)v(s)− f(s)b(s)v(s)
v(s)2
≤ b(s)f(s)v(s)− f(s)b(s)v(s)
v(s)2
= 0.
(2.4)
This assures that g is non-increasing. Hence, we obtain that for all s ∈ [t, T ] it holds
that
f(s)
v(s)
= g(s) ≤ g(t) = f(t)
v(t)
= f(t). (2.5)
This establishes (2.1). The proof of Lemma 2.1.1 is thus completed.
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Lemma 2.1.2. Let T ∈ (0,∞), a, b ∈ [0,∞), let f : [0, T ] → [0,∞) be B([0, T ])/
B([0,∞))-measurable, and assume for all t ∈ [0, T ] that
∫ T
0
|f(s)| ds <∞ and f(t) ≤ a + b
∫ t
0
f(s) ds. (2.6)
Then it holds for all t ∈ [0, T ] that f(t) ≤ a exp(bt).
Proof of Lemma 2.1.2. We claim that for all n ∈ N0, t ∈ [0, T ] it holds that
f(t) ≤ a
(
n∑
k=0
(bt)k
k!
)
+ bn+1
∫ t
0
(t− s)n
n!
f(s) ds. (2.7)
We now establish (2.7) by induction on n ∈ N0. The base case n = 0 is an immediate
consequence of (2.6). For the induction step N0 ∋ n→ n+1 ∈ N0 assume that (2.7)
holds for a given n ∈ N0. Observe that the induction hypothesis and (2.6) ensure
that for all t ∈ [0, T ] it holds that
f(t) ≤ a
(
n∑
k=0
(bt)k
k!
)
+ bn+1
∫ t
0
(t− s)n
n!
f(s) ds
≤ a
(
n∑
k=0
(bt)k
k!
)
+ bn+1
∫ t
0
(t− s)n
n!
(
a + b
∫ s
0
f(v) dv
)
ds.
(2.8)
Moreover, note that for all t ∈ [0, T ] it holds that
∫ t
0
(t− s)n
n!
ds =
1
n!
[−(t− s)n+1
n + 1
]s=t
s=0
=
tn+1
(n + 1)!
. (2.9)
Furthermore, observe that Tonelli’s theorem implies that for all t ∈ [0, T ] it holds
that ∫ t
0
(t− s)n
∫ s
0
f(v) dv ds =
∫ t
0
∫ t
0
(t− s)nf(v)1{0≤v≤s≤t} dv ds
=
∫ t
0
f(v)
∫ t
v
(t− s)n ds dv
=
∫ t
0
f(v)
[
−(t− s)
n+1
n + 1
]s=t
s=v
dv
=
∫ t
0
f(v)
(t− v)n+1
n+ 1
dv.
(2.10)
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Combining this, (2.8), and (2.9) establishes that for all t ∈ [0, T ] it holds that
f(t) ≤ a
(
n∑
k=0
(bt)k
k!
)
+ bn+1
∫ t
0
(t− s)n
n!
(
a + b
∫ s
0
f(v) dv
)
ds
= a
(
n∑
k=0
(bt)k
k!
)
+ a
(bt)n+1
(n + 1)!
+ bn+2
∫ t
0
(t− s)n+1
(n + 1)!
f(s) ds
= a
(
n+1∑
k=0
(bt)k
k!
)
+ bn+2
∫ t
0
(t− s)n+1
(n + 1)!
f(s) ds.
(2.11)
This proves (2.7) in the case n + 1. This finishes the proof of the induction step.
Induction hence establishes (2.7). Next observe that (2.7) implies that for all t ∈
[0, T ], n ∈ N0 it holds that
f(t) ≤ a ebt + bn+1
∫ t
0
(t− s)n
n!
f(s) ds ≤ a ebt + bn+1 t
n
n!
∫ t
0
f(s) ds. (2.12)
Moreover, note that (2.6) ensures that for all t ∈ [0, T ] it holds that
lim sup
n→∞
[
bn+1
tn
n!
∫ t
0
f(s) ds
]
= 0. (2.13)
Combining this and (2.12) establishes that for all t ∈ [0, T ] it holds that f(t) ≤
a exp(bt). The proof of Lemma 2.1.2 is thus completed.
2.2 Sufficient conditions for interchanging deriva-
tives and integrals
Lemma 2.2.1. Let (S,S) be a measurable space, let (X, dX) be a compact metric
space, let (Y, dY ) be a separable metric space, let C(X, Y ) be the space of continuous
functions endowed with the topology of dY -uniform convergence, let f : X×S → Y be
a function, assume for all x ∈ X that (S ∋ s 7→ f(x, s) ∈ Y ) is S/B(Y )-measurable,
and assume for all s ∈ S that (X ∋ x 7→ f(x, s) ∈ Y ) ∈ C(X, Y ). Then it holds that
(S ∋ s 7→ (X ∋ x 7→ f(x, s) ∈ Y ) ∈ C(X, Y )) (2.14)
is S/B(C(X, Y ))-measurable.
Lemma 2.2.2. Let (X,X ) be a compact topological space, let (M, d) be a metric
space, and let u ∈ M , f ∈ C(X,M). Then it holds that
sup
({d(f(x), u) ∈ R : x ∈ X} ∪ {0}) <∞. (2.15)
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Lemma 2.2.3. Let (X, ‖·‖X) and (Y, ‖·‖Y ) be finite dimensional normed vector
spaces, let (S,S) be a measurable space, let F = (F (x, s))(x,s)∈X×S : X × S → Y
be (B(X)⊗S)/B(Y )-measurable, and assume for all s ∈ S that (X ∋ x 7→ F (x, s) ∈
Y ) ∈ C1(X, Y ). Then it holds for all x ∈ X that(
S ∋ s 7→ ( ∂
∂x
F )(x, s) ∈ L(X, Y )) (2.16)
is S/B(L(X, Y ))-measurable.
Proof of Lemma 2.2.3. Throughout this proof let V = C({w ∈ X : ‖w‖X ≤ 1}, Y ),
let ‖·‖V : V → [0,∞) satisfy for all f ∈ V that
‖f‖V = suph∈{w∈X : ‖w‖X≤1} ‖f(h)‖Y (2.17)
(cf. Lemma 2.2.2), let ι : C(X, Y )→ V satisfy for all ϕ ∈ C(X, Y ) that
ι(ϕ) = ({w ∈ X : ‖w‖X ≤ 1} ∋ h 7→ ϕ(h) ∈ Y ), (2.18)
and let ψ : {f ∈ V : f is linear} → L(X, Y ) satisfy for all A ∈ {f ∈ V : f is linear},
h ∈ X\{0} that
ψ(A)(h) = ‖h‖XA
(
h
‖h‖X
)
. (2.19)
Observe that the assumption that for all s ∈ S it holds that (X ∋ x 7→ F (x, s) ∈
Y ) ∈ C1(X, Y ) implies that for all x ∈ X , s ∈ S, ε ∈ (0,∞) there exists r ∈ (0,∞)
such that for all h ∈ X\{0} with ‖h‖X ≤ r it holds that
‖F (x+ h, s)− F (x, s)− ( ∂
∂x
F )(x, s)h‖Y
‖h‖X ≤ ε. (2.20)
Therefore, we obtain that for all x ∈ X , s ∈ S, ε ∈ (0,∞) there exists r ∈ (0,∞)
such that
sup
h∈{w∈X : 0<‖w‖X≤r}
‖F (x+ h, s)− F (x, s)− ( ∂
∂x
F )(x, s)h‖Y
‖h‖X ≤ ε. (2.21)
This ensures that for all x ∈ X , s ∈ S, ε ∈ (0,∞) there exists r ∈ (0,∞) such that
for all δ ∈ (0, r] it holds that
sup
h∈{w∈X : 0<‖w‖X≤δ}
‖F (x+ h, s)− F (x, s)− ( ∂
∂x
F )(x, s)h‖Y
‖h‖X ≤ ε. (2.22)
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Hence, we obtain that for all x ∈ X , s ∈ S it holds that
lim sup
(0,∞)∋r→0
sup
h∈{w∈X : 0<‖w‖X≤r}
[
‖F (x+ h, s)− F (x, s)− ( ∂
∂x
F )(x, s)h‖Y
‖h‖X
]
= 0. (2.23)
This assures that for all x ∈ X , s ∈ S it holds that
lim sup
(0,∞)∋r→0
sup
h∈{w∈X : 0<‖w‖X≤1}
[
‖F (x+ rh, s)− F (x, s)− ( ∂
∂x
F )(x, s)rh‖Y
r‖h‖X
]
= 0.
(2.24)
Hence, we obtain that for all x ∈ X , s ∈ S it holds that
lim sup
(0,∞)∋r→0
sup
h∈{w∈X : 0<‖w‖X≤1}
∥∥∥F (x+rh,s)−F (x,s)r − ( ∂∂xF )(x, s)h∥∥∥
Y
= 0. (2.25)
This and (2.17) demonstrate that for all x ∈ X , s ∈ S it holds that
lim sup
(0,∞)∋r→0
∥∥∥({w ∈ X : ‖w‖X ≤ 1} ∋ h 7→ F (x+rh,s)−F (x,s)r ∈ Y )− ι(( ∂∂xF )(x, s))∥∥∥
V
= lim sup
(0,∞)∋r→0
sup
h∈{w∈X : 0<‖w‖X≤1}
∥∥∥F (x+rh,s)−F (x,s)r − ( ∂∂xF )(x, s)h∥∥∥
Y
= 0. (2.26)
Next observe that Lemma 2.2.1 (with S = S, S = S, X = {w ∈ X : ‖w‖X ≤ 1},
dX = ({w ∈ X : ‖w‖X ≤ 1} × {w ∈ X : ‖w‖X ≤ 1} ∋ (y, z) 7→ ‖y − z‖X ∈ [0,∞)),
Y = Y , dY = (Y ×Y ∋ (y, z) 7→ ‖y−z‖Y ∈ [0,∞)), f = ({w ∈ X : ‖w‖X ≤ 1}×S ∋
(h, s) 7→ F (x + rh, s) ∈ Y ) for x ∈ X , r ∈ (0,∞) in the notation of Lemma 2.2.1)
implies that for all x ∈ X , r ∈ (0,∞) it holds that
(S ∋ s 7→ ({w ∈ X : ‖w‖X ≤ 1} ∋ h 7→ F (x+ rh, s) ∈ Y ) ∈ V ) (2.27)
is S/B(V )-measurable. This and (2.26) prove that for all x ∈ X it holds that(
S ∋ s 7→ ι(( ∂
∂x
F )(x, s)
) ∈ V ) (2.28)
is S/B(V )-measurable. Moreover, note that for all fn ∈ {f ∈ V : f is linear}, n ∈ N,
and all functions g : {w ∈ X : ‖w‖X ≤ 1} → Y with
lim sup
n→∞
sup
h∈{w∈X : ‖w‖X≤1}
‖fn(h)− g(h)‖Y = 0 (2.29)
it holds that
g ∈ {f ∈ V : f is linear}. (2.30)
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This ensures that
{f ∈ V : f is linear} ∈ B(V ). (2.31)
Combining this, the fact that for all A ∈ L(X, Y ) it holds that ι(A) ∈ {f ∈
V : f is linear}, and (2.28) proves that(
S ∋ s 7→ ι(( ∂
∂x
F )(x, s)
) ∈ {f ∈ V : f is linear}) (2.32)
is S/B({f ∈ V : f is linear})-measurable. Furthermore, observe that for all A ∈
L(X, Y ), x ∈ X\{0} it holds that
ψ(ι(A))x = ‖x‖X(ι(A))
(
x
‖x‖X
)
= ‖x‖XA
(
x
‖x‖X
)
= Ax. (2.33)
This implies that for all A ∈ L(X, Y ) it holds that
ψ(ι(A)) = A. (2.34)
Next note that for all f1, f2 ∈ {f ∈ V : f is linear} it holds that
‖ψ(f1)− ψ(f2)‖L(X,Y ) = sup
h∈X\{0}
‖ψ(f1)h− ψ(f2)h‖Y
‖h‖X
= sup
h∈X\{0}
‖h‖X
∥∥f1( h‖h‖X )− f2( h‖h‖X )∥∥Y
‖h‖X
= suph∈{w∈X : ‖w‖X≤1} ‖(f1 − f2)(h)‖Y .
(2.35)
Combining this and (2.17) establishes that
ψ ∈ C({f ∈ V : f is linear}, L(X, Y )). (2.36)
This, (2.31), (2.32), and (2.34) demonstrate that for all x ∈ X it holds that(
S ∋ s 7→ ( ∂
∂x
F )(x, s) ∈ L(X, Y )) (2.37)
is S/B(L(X, Y ))-measurable. The proof of Lemma 2.2.3 is thus completed.
Lemma 2.2.4. Let (S,S) be a measurable space, let (X, dX) be a separable metric
space, let (Y, dY ) be a metric space, let F : X × S → Y satisfy for all s ∈ S, x ∈ X
that (X ∋ y 7→ F (y, s) ∈ Y ) ∈ C(X, Y ) and (S ∋ w 7→ F (x, w) ∈ Y ) is S/B(Y )-
measurable. Then F is (B(X)⊗ S)/B(Y )-measurable.
Proof of Lemma 2.2.4. This is a direct consequence of, e.g., Aliprantis & Border [1,
Lemma 4.51]. The proof of Lemma 2.2.4 is thus completed.
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Corollary 2.2.5. Let d,m, n ∈ N, let (S,S) be a measurable space, let F =
(F (x, s))(x,s)∈Rd×S : Rd × S → Rm be (B(Rd) ⊗ S)/B(Rm)-measurable, and assume
for all s ∈ S that (Rd ∋ x 7→ F (x, s) ∈ Rm) ∈ Cn(Rd,Rm). Then it holds for all
k ∈ {1, 2, . . . , n}, x ∈ Rd that(
S ∋ s 7→ ( ∂k
∂xk
F )(x, s) ∈ L(k)(Rd,Rm)) (2.38)
is S/B(L(k)(Rd,Rm))-measurable.
Proof of Corollary 2.2.5. This is a direct consequence of Lemma 2.2.3 and Lemma 2.2.4.
The proof of Corollary 2.2.5 is thus completed.
Lemma 2.2.6. Let d,m, n ∈ N, let (S,S, µ) be a finite measure space, let F =
(F (x, s))(x,s)∈Rd×S : Rd×S → Rm be (B(Rd)⊗S)/B(Rm)-measurable, let f : Rd → Rm
be (n−1)-times differentiable, assume for all s ∈ S that (Rd ∋ x 7→ F (x, s) ∈ Rm) ∈
Cn(Rd,Rm), and assume for all x ∈ Rd that
inf
δ∈(0,∞)
sup
u∈[−δ,δ]d
∫
S
‖( ∂n−1
∂xn−1
F )(x, z)‖L(n−1)(Rd,Rm)
+ ‖( ∂n
∂xn
F )(x+ u, z)‖1+δ
L(n)(Rd,Rm)
µ(dz) <∞
(2.39)
(cf. Corollary 2.2.5) and
f (n−1)(x) =
∫
S
( ∂
n−1
∂xn−1
F )(x, s)µ(ds). (2.40)
Then
(i) it holds that f ∈ Cn(Rd,Rm) and
(ii) it holds for all x ∈ Rd that
f (n)(x) =
∫
S
( ∂
n
∂xn
F )(x, s)µ(ds). (2.41)
Proof of Lemma 2.2.6. Throughout this proof let f1, f2, . . . , fm : R
d → R satisfy for
all x ∈ Rd that
f(x) = (f1(x), f2(x), . . . , fm(x)), (2.42)
let F1, F2, . . . , Fm : R
d × S → R satisfy for all x ∈ Rd, s ∈ S that
F (x, s) = (F1(x, s), F2(x, s), . . . , Fm(x, s)), (2.43)
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let δx ∈ (0,∞), x ∈ Rd, be real numbers which satisfy for all x ∈ Rd that
sup
v∈[−δx,δx]d
∫
S
‖( ∂n
∂xn
F )(x+ v, s)‖1+δx
L(n)(Rd,Rm)
µ(ds) <∞, (2.44)
and let e1 = (1, 0, . . . , 0), e2 = (0, 1, 0, . . . , 0), . . . , ed = (0, 0, . . . , 0, 1) ∈ Rd. Note
that, e.g., Coleman [25, pages 93-94, Section 4.5] assures that for all x ∈ Rd,
i1, i2, . . . , in ∈ {1, 2, . . . , d}, j ∈ {1, 2, . . . , m}, s ∈ S it holds that
( ∂
n
∂xi1∂xi2 ...∂xin
Fj)(x, s) = (
∂n
∂xn
Fj)(x, s)(ei1 , ei2 , . . . , ein). (2.45)
This ensures that for all x ∈ Rd, i1, i2, . . . , in ∈ {1, 2, . . . , d}, j ∈ {1, 2, . . . , m} it
holds that
sup
v∈[−δx,δx]d
∫
S
∣∣( ∂n
∂xi1∂xi2 ...∂xin
Fj)(x+ v, s)
∣∣1+δx µ(ds)
= sup
v∈[−δx,δx]d
∫
S
∣∣( ∂n
∂xn
Fj)(x+ v, s)(ei1, ei2 , . . . , ein)
∣∣1+δx µ(ds) (2.46)
≤ sup
v∈[−δx,δx]d
∫
S
(‖( ∂n
∂xn
Fj)(x+ v, s)‖L(n)(Rd,R)‖ei1‖Rd‖ei2‖Rd · · · ‖ein‖Rd
)1+δx
µ(ds)
= sup
v∈[−δx,δx]d
∫
S
‖( ∂n
∂xn
Fj)(x+ v, s)‖1+δxL(n)(Rd,R) µ(ds).
In addition, note that, e.g., Coleman [25, Proposition 4.6] and (2.43) demonstrate
that for all x ∈ Rd, s ∈ S it holds that
( ∂
n
∂xn
F )(x, s) =
(
( ∂
n
∂xn
F1)(x, s), (
∂n
∂xn
F2)(x, s), . . . , (
∂n
∂xn
Fm)(x, s)
)
. (2.47)
Hence, we obtain that for all x ∈ Rd, s ∈ S, j ∈ {1, 2, . . . , m} it holds that
‖( ∂n
∂xn
Fj)(x, s)‖L(n)(Rd,R) = sup
y1,y2,...,yn∈Rd\{0}
|( ∂n
∂xn
Fj)(x, s)(y1, y2, . . . , yn)|
‖y1‖Rd‖y2‖Rd . . . ‖yn‖Rd
(2.48)
≤ sup
y1,y2,...,yn∈Rd\{0}
‖( ∂n
∂xn
F )(x, s)(y1, y2, . . . , yn)‖Rm
‖y1‖Rd‖y2‖Rd . . . ‖yn‖Rd
= ‖( ∂n
∂xn
F )(x, s)‖L(n)(Rd,Rm).
Combining this, (2.46), and (2.44) implies that for all x ∈ Rd, i1, i2, . . . , in ∈
{1, 2, . . . , d}, j ∈ {1, 2, . . . , m} it holds that
sup
v∈[−δx,δx]d
∫
S
∣∣( ∂n
∂xi1∂xi2 ...∂xin
Fj)(x+ v, s)
∣∣1+δx µ(ds)
≤ sup
v∈[−δx,δx]d
∫
S
‖( ∂n
∂xn
F )(x+ v, s)‖1+δx
L(n)(Rd,Rm)
µ(ds) <∞.
(2.49)
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Next observe that the assumption that ∀ s ∈ S : (Rd ∋ y 7→ F (y, s) ∈ Rm) ∈
Cn(Rd,Rm) and the fundamental theorem of calculus imply that for all x ∈ Rd,
i1, i2, . . . , in ∈ {1, 2, . . . , d}, j ∈ {1, 2, . . . , m}, h ∈ R it holds that
( ∂
n−1
∂xi1∂xi2 ...∂xin−1
fj)(x+ hein)− ( ∂n−1∂xi1∂xi2 ...∂xin−1 fj)(x)
=
∫
S
( ∂
n−1
∂xi1∂xi2 ...∂xin−1
Fj)(x+ hein , s)µ(ds)−
∫
S
( ∂
n−1
∂xi1∂xi2 ...∂xin−1
Fj)(x, s)µ(ds)
=
∫
S
( ∂
n−1
∂xi1∂xi2 ...∂xin−1
Fj)(x+ hein , s)− ( ∂n−1∂xi1∂xi2 ...∂xin−1Fj)(x, s)µ(ds)
=
∫
S
∫ h
0
( ∂
n
∂xi1∂xi2 ...∂xin
Fj)(x+ uein , s) du µ(ds).
(2.50)
Moreover, note that Tonelli’s theorem, Ho¨lder’s inequality, and (2.49) prove that for
all x ∈ Rd, i1, i2, . . . , in ∈ {1, 2, . . . , d}, j ∈ {1, 2, . . . , m}, h ∈ [−δx, δx] it holds that∣∣∣∣
∫
S
∫ h
0
∣∣( ∂n
∂xi1∂xi2 ...∂xin
Fj)(x+ uein , s)
∣∣ du µ(ds)∣∣∣∣
=
∣∣∣∣
∫ h
0
∫
S
∣∣( ∂n
∂xi1∂xi2 ...∂xin
Fj)(x+ uein, s)
∣∣µ(ds) du∣∣∣∣
≤ |h| sup
v∈[−δx,δx]d
∫
S
∣∣( ∂n
∂xi1∂xi2 ...∂xin
Fj)(x+ v, s)
∣∣µ(ds) (2.51)
≤ |h| sup
v∈[−δx,δx]d
(∫
S
∣∣( ∂n
∂xi1∂xi2 ...∂xin
Fj)(x+ v, s)
∣∣1+δx µ(ds)) 11+δx · |µ(S)|(1− 11+δx )
= |h|
(
sup
v∈[−δx,δx]d
∫
S
∣∣( ∂n
∂xi1∂xi2 ...∂xin
Fj)(x+ v, s)
∣∣1+δx µ(ds)) 11+δx · |µ(S)|(1− 11+δx ) <∞.
This, Fubini’s theorem, and (2.50) assure that for all x ∈ Rd, i1, i2, . . . , in ∈ {1, 2, . . . , d},
j ∈ {1, 2, . . . , m}, h ∈ [−δx, δx] it holds that
( ∂
n−1
∂xi1∂xi2 ...∂xin−1
fj)(x+ hein)− ( ∂n−1∂xi1∂xi2 ...∂xin−1 fj)(x)
=
∫
S
∫ h
0
( ∂
n
∂xi1∂xi2 ...∂xin
Fj)(x+ uein, s) du µ(ds)
=
∫ h
0
∫
S
( ∂
n
∂xi1∂xi2 ...∂xin
Fj)(x+ uein, s)µ(ds) du.
(2.52)
21
In addition, observe that, e.g., Klenke [59, Corollary 6.21] and (2.49) ensure that for
all x ∈ Rd, i1, i2, . . . , in ∈ {1, 2, . . . , d}, j ∈ {1, 2, . . . , m} it holds that
(
S ∋ s 7→ ( ∂n
∂xi1∂xi2 ...∂xin
Fj)(x+ v, s) ∈ R
)
, v ∈ [−δx, δx]d, (2.53)
is a uniformly integrable family of functions. Therefore, we obtain that for all x ∈ Rd,
i1, i2, . . . , in ∈ {1, 2, . . . , d}, j ∈ {1, 2, . . . , m}, and all functions u = (uk)k∈N : N →
[−δx, δx]d it holds that
(
S ∋ s 7→ ( ∂n
∂xi1∂xi2 ...∂xin
Fj)(x+ uk, s) ∈ R
)
, k ∈ N, (2.54)
is a uniformly integrable sequence of functions. This and the Vitali convergence the-
orem (see, e.g., Klenke [59, Theorem 6.25]) assure that for all x ∈ Rd, i1, i2, . . . , in ∈
{1, 2, . . . , d}, j ∈ {1, 2, . . . , m}, and all functions u = (uk)k∈N : N → [−δx, δx]d with
lim supk→∞ ‖uk‖Rd = 0 it holds that
lim sup
k→∞
∫
S
∣∣( ∂n
∂xi1∂xi2 ...∂xin
Fj)(x+ uk, s)− ( ∂n∂xi1∂xi2 ...∂xinFj)(x, s)
∣∣µ(ds) = 0. (2.55)
Hence, we obtain that for all x ∈ Rd, i1, i2, . . . , in ∈ {1, 2, . . . , d}, j ∈ {1, 2, . . . , m}
it holds that
lim sup
v→0
∫
S
∣∣( ∂n
∂xi1∂xi2 ...∂xin
Fj)(x+ vein , s)− ( ∂n∂xi1∂xi2 ...∂xinFj)(x, s)
∣∣µ(ds) = 0. (2.56)
This implies that for all x ∈ Rd, i1, i2, . . . , in ∈ {1, 2, . . . , d}, j ∈ {1, 2, . . . , m},
ε ∈ (0,∞) there exists δ ∈ (0,∞) such that
∀ v ∈ (−δ, δ) :
∫
S
∣∣( ∂n
∂xi1∂xi2 ...∂xin
Fj)(x+ vein, s)− ( ∂n∂xi1∂xi2 ...∂xinFj)(x, s)
∣∣µ(ds) < ε.
(2.57)
Combining this and (2.52) ensures that for all x ∈ Rd, i1, i2, . . . , in ∈ {1, 2, . . . , d},
j ∈ {1, 2, . . . , m}, ε ∈ (0,∞) there exists δ ∈ (0,∞) such that for all h ∈ (−δ, δ)\{0}
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it holds that∣∣∣1
h
(
( ∂
n−1
∂xi1∂xi2 ...∂xin−1
fj)(x+ hein)− ( ∂n−1∂xi1∂xi2 ...∂xin−1 fj)(x)
)
−
∫
S
( ∂
n
∂xi1∂xi2 ...∂xin
Fj)(x, s)µ(ds)
∣∣∣
=
∣∣∣∣1h
∫ h
0
∫
S
( ∂
n
∂xi1∂xi2 ...∂xin
Fj)(x+ uein , s)µ(ds) du (2.58)
− 1
h
∫ h
0
∫
S
( ∂
n
∂xi1∂xi2 ...∂xin
Fj)(x, s)µ(ds) du
∣∣∣∣
≤ 1
h
∫ h
0
∫
S
∣∣( ∂n
∂xi1∂xi2 ...∂xin
Fj)(x+ uein , s)− ( ∂n∂xi1∂xi2 ...∂xinFj)(x, s)
∣∣µ(ds) du < ε.
This demonstrates that for all x ∈ Rd, i1, i2, . . . , in ∈ {1, 2, . . . , d}, j ∈ {1, 2, . . . , m}
it holds that
lim sup
h→0
h∈R\{0}
∣∣∣1
h
(
( ∂
n−1
∂xi1∂xi2 ...∂xin−1
fj)(x+ hein)− ( ∂n−1∂xi1∂xi2 ...∂xin−1 fj)(x)
)
−
∫
S
( ∂
n
∂xi1∂xi2 ...∂xin
Fj)(x, s)µ(ds)
∣∣∣ = 0.
(2.59)
Therefore, we obtain that for all x ∈ Rd, i1, i2, . . . , in ∈ {1, 2, . . . , d}, j ∈ {1, 2, . . . , m}
it holds that(
∂
∂xin
( ∂
n−1
∂xi1∂xi2 ...∂xin−1
fj)
)
(x) =
∫
S
( ∂
n
∂xi1∂xi2 ...∂xin
Fj)(x, s)µ(ds). (2.60)
Next observe that (2.55) proves that for all x ∈ Rd, i1, i2, . . . , in ∈ {1, 2, . . . , d}, j ∈
{1, 2, . . . , m}, and all functions u = (uk)k∈N : N→ Rd with lim supk→∞ ‖uk‖Rd = 0 it
holds that
lim sup
k→∞
∣∣∣∣
∫
S
( ∂
n
∂xi1∂xi2 ...∂xin
Fj)(x+ uk, s)µ(ds)−
∫
S
( ∂
n
∂xi1∂xi2 ...∂xin
Fj)(x, s)µ(ds)
∣∣∣∣
≤ lim sup
k→∞
∫
S
∣∣( ∂n
∂xi1∂xi2 ...∂xin
Fj)(x+ uk, s)− ( ∂n∂xi1∂xi2 ...∂xinFj)(x, s)
∣∣µ(ds) = 0.
(2.61)
Hence, we obtain that for all i1, i2, . . . , in ∈ {1, 2, . . . , d}, j ∈ {1, 2, . . . , m} it holds
that (
Rd ∋ x 7→
∫
S
( ∂
n
∂xi1∂xi2 ...∂xin
Fj)(x, s)µ(ds) ∈ R
)
∈ C(Rd,R). (2.62)
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Combining this, (2.60) and, e.g., Coleman [25, Corollary 2.2] demonstrates that for all
x ∈ Rd, i1, i2, . . . , in ∈ {1, 2, . . . , d}, j ∈ {1, 2, . . . , m} it holds that f ∈ Cn(Rd,Rm)
and
( ∂
n
∂xi1∂xi2 ...∂xin
fj)(x) =
∫
S
( ∂
n
∂xi1∂xi2 ...∂xin
Fj)(x, s)µ(ds). (2.63)
This establishes items (i)–(ii). The proof of Lemma 2.2.6 is thus completed.
Lemma 2.2.7. Let d,m, n ∈ N, let (S,S, µ) be a finite measure space, let F =
(F (x, s))(x,s)∈Rd×S : Rd×S → Rm be (B(Rd)⊗S)/B(Rm)-measurable, let f : Rd → Rm
be a function, assume for all s ∈ S that (Rd ∋ x 7→ F (x, s) ∈ Rm) ∈ Cn(Rd,Rm),
and assume for all x ∈ Rd that
inf
δ∈(0,∞)
sup
u∈[−δ,δ]d
∫
S
‖F (x, z)‖Rm +
n∑
k=1
‖( ∂k
∂xk
F )(x+ u, z)‖1+δ
L(k)(Rd,Rm)
µ(dz) <∞ (2.64)
(cf. Corollary 2.2.5) and
f(x) =
∫
S
F (x, s)µ(ds). (2.65)
Then
(i) it holds that f ∈ Cn(Rd,Rm) and
(ii) it holds for all k ∈ {1, 2, . . . , n}, x ∈ Rd that
f (k)(x) =
∫
S
( ∂
k
∂xk
F )(x, s)µ(ds). (2.66)
Proof of Lemma 2.2.7. This is a direct consequence of Lemma 2.2.6. The proof of
Lemma 2.2.7 is thus completed.
2.3 Existence, uniqueness, and regularity results
for solutions of ordinary differential equations
(ODEs)
Proposition 2.3.1. Let d ∈ N, L, T ∈ [0,∞), f ∈ C([0, T ]× Rd,Rd) satisfy for all
t ∈ [0, T ], x, y ∈ Rd that
‖f(t, x)− f(t, y)‖Rd ≤ L‖x− y‖Rd. (2.67)
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Then there exists a unique χ ∈ C({(s, t) ∈ [0, T ]2 : s ≤ t} × Rd,Rd) which satisfies
for all x ∈ Rd, s ∈ [0, T ], t ∈ [s, T ] that
χ(s, t, x) = x+
∫ t
s
f(u, χ(s, u, x)) du. (2.68)
Proof of Proposition 2.3.1. Throughout this proof let g : (−1, T + 1) × Rd → Rd
satisfy for all s ∈ (−1, 0), t ∈ [0, T ], u ∈ (T, T + 1), x ∈ Rd that g(s, x) = f(0, x),
g(t, x) = f(t, x), and g(u, x) = f(T, x). Note that the hypothesis that f ∈ C([0, T ]×
Rd,Rd) and (2.67) imply that for all t ∈ (−1, T + 1), x, y ∈ Rd it holds that g ∈
C((−1, T + 1)× Rd,Rd) and
‖g(t, x)− g(t, y)‖Rd ≤ L‖x− y‖Rd. (2.69)
This and, e.g., Teschl [102, Corollary 2.6] ensure that there exists a unique χ : {(s, t) ∈
[0, T ]2 : s ≤ t} × Rd → Rd which satisfies for all x ∈ Rd, s ∈ [0, T ], t ∈ [s, T ] that
([s, T ] ∋ u 7→ χ(s, u, x) ∈ Rd) ∈ C([s, T ],Rd) and
χ(s, t, x) = x+
∫ t
s
g(u, χ(s, u, x)) du = x+
∫ t
s
f(u, χ(s, u, x)) du. (2.70)
Moreover, observe that, e.g., Teschl [102, Theorem 2.9] assures that χ ∈ C({(s, t) ∈
[0, T ]2 : s ≤ t} × Rd,Rd). The proof of Proposition 2.3.1 is thus completed.
Lemma 2.3.2. Let d, n ∈ N, T ∈ (0,∞), f ∈ Cn(Rd,Rd) and let θϑ ∈ C([0, T ],Rd),
ϑ ∈ Rd, satisfy for all ϑ ∈ Rd, t ∈ [0, T ] that
θϑt = ϑ+
∫ t
0
f(θϑs ) ds. (2.71)
Then it holds that ([0, T ]× Rd ∋ (t, ϑ) 7→ θϑt ∈ Rd) ∈ Cn([0, T ]× Rd,Rd).
Proof of Lemma 2.3.2. This a direct consequence of, e.g., Coleman [25, Theorem
10.3]. The proof of Lemma 2.3.2 is thus completed.
Corollary 2.3.3. Let d, n ∈ N, f ∈ Cn(Rd,Rd) and let θϑ ∈ C([0,∞),Rd), ϑ ∈ Rd,
satisfy for all ϑ ∈ Rd, t ∈ [0,∞) that
θϑt = ϑ+
∫ t
0
f(θϑs ) ds. (2.72)
Then it holds that ([0,∞)× Rd ∋ (t, ϑ) 7→ θϑt ∈ Rd) ∈ Cn([0,∞)× Rd,Rd).
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Proof of Corollary 2.3.3. This is a direct consequence of Lemma 2.3.2. The proof of
Corollary 2.3.3 is thus completed.
Lemma 2.3.4. Let d ∈ N, T ∈ (0,∞), ϑ ∈ Rd, A ∈ C([0, T ], L(Rd,Rd)), let
y1, y2 : [0, T ] → Rd be B([0, T ])/B(Rd)-measurable, and assume for all t ∈ [0, T ],
i ∈ {1, 2} that∫ T
0
‖yi(s)‖Rd ds <∞ and yi(t) = ϑ+
∫ t
0
A(s)yi(s) ds. (2.73)
Then it holds that y1 = y2.
Proof of Lemma 2.3.4. First, note that (2.73) and the triangle inequality ensure that∫ T
0
‖y1(s)− y2(s)‖Rd ds ≤
∫ T
0
‖y1(s)‖Rd + ‖y2(s)‖Rd ds <∞. (2.74)
Next observe that (2.73) and the triangle inequality for the Bochner integral prove
that for all t ∈ [0, T ] it holds that
‖y1(t)− y2(t)‖Rd =
∥∥∥∥
∫ t
0
A(s)(y1(s)− y2(s)) ds
∥∥∥∥
Rd
≤
∫ t
0
‖A(s)(y1(s)− y2(s))‖Rd ds
≤
∫ t
0
‖A(s)‖L(Rd,Rd)‖y1(s)− y2(s)‖Rd ds
≤ [ supv∈[0,T ] ‖A(v)‖L(Rd,Rd)]
∫ t
0
‖y1(s)− y2(s)‖Rd ds.
(2.75)
Moreover, note that the fact that [0, T ] is a compact set, the assumption that A ∈
C([0, T ], L(Rd,Rd)), and Lemma 2.2.2 establish that
sup
v∈[0,T ]
‖A(v)‖L(Rd,Rd) <∞. (2.76)
Combining (2.74), (2.75), and the Gronwall integral inequality in Lemma 2.1.2 hence
assures that for all t ∈ [0, T ] it holds that
y1(t) = y2(t). (2.77)
The proof of Lemma 2.3.4 is thus completed.
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2.4 Existence results for solutions of first-order
Kolmogorov backward PDEs
Proposition 2.4.1. Let d ∈ N, T ∈ (0,∞), ψ ∈ C1(Rd,R), f ∈ C1(Rd,Rd), let
θϑ = (θϑt )t∈[0,T ] ∈ C([0, T ],Rd), ϑ ∈ Rd, satisfy for all ϑ ∈ Rd, t ∈ [0, T ] that
θϑt = ϑ+
∫ t
0
f(θϑs ) ds, (2.78)
and let u = (u(t, ϑ))(t,ϑ)∈[0,T ]×Rd : [0, T ] × Rd → R satisfy for all t ∈ [0, T ], ϑ ∈ Rd
that u(t, ϑ) = ψ(θϑt ). Then
(i) it holds that u ∈ C1([0, T ]× Rd,R) and(
[0, T ]× Rd ∋ (t, ϑ) 7→ θϑt ∈ Rd
) ∈ C1([0, T ]× Rd,Rd), (2.79)
(ii) it holds for all t ∈ [0, T ], ϑ ∈ Rd that f(θϑt ) = ( ∂∂ϑθϑt )f(ϑ), and
(iii) it holds for all t ∈ [0, T ], ϑ ∈ Rd that
( ∂
∂t
u)(t, ϑ) = ( ∂
∂ϑ
u)(t, ϑ)f(ϑ) = 〈(∇ϑu)(t, ϑ), f(ϑ)〉Rd. (2.80)
Proof of Proposition 2.4.1. First, observe that Lemma 2.3.2, the assumption that
f ∈ C1(Rd,Rd), and the assumption that ψ ∈ C1(Rd,R) establish item (i). Next let
yϑ : [0, T ]→ Rd, ϑ ∈ Rd, satisfy for all ϑ ∈ Rd, t ∈ [0, T ] that
yϑ(t) = (
∂
∂ϑ
θϑt )f(ϑ), (2.81)
and let zϑ : [0, T ]→ Rd, ϑ ∈ Rd, satisfy for all ϑ ∈ Rd, t ∈ [0, T ] that
zϑ(t) = f(θ
ϑ
t ). (2.82)
Observe that the assumption that f ∈ C1(Rd,Rd) and (2.79) ensure that for all
ϑ ∈ Rd it holds that yϑ, zϑ ∈ C([0, T ],Rd). This and Lemma 2.2.2 prove that for all
ϑ ∈ Rd it holds that∫ T
0
‖yϑ(s)‖Rd + ‖zϑ(s)‖Rd ds ≤ T sup
s∈[0,T ]
‖yϑ(s)‖Rd + T sup
s∈[0,T ]
‖zϑ(s)‖Rd <∞. (2.83)
Next note that the assumption that f ∈ C1(Rd,Rd) and (2.79) demonstrate that for
all ϑ ∈ Rd it holds that(
[0, T ]× Rd ∋ (t, h) 7→ f ′(θϑ+ht )( ∂∂ϑθϑ+ht ) ∈ L(Rd,Rd)
) ∈ C([0, T ]× Rd, L(Rd,Rd)).
(2.84)
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Lemma 2.2.2 hence assures that for all ϑ ∈ Rd it holds that
sup
(s,h)∈[0,T ]×[−1,1]d
‖f ′(θϑ+hs )( ∂∂ϑθϑ+hs )‖L(Rd,Rd) <∞. (2.85)
This ensures that for all ϑ ∈ Rd, t ∈ [0, T ] it holds that
sup
h∈[−1,1]d
∫ t
0
‖f ′(θϑ+hs )( ∂∂ϑθϑ+hs )‖2L(Rd,Rd) ds <∞. (2.86)
Lemma 2.2.6 and (2.78) hence imply that for all ϑ ∈ Rd, t ∈ [0, T ] it holds that
∂
∂ϑ
θϑt = IdRd +
∫ t
0
f ′(θϑs )(
∂
∂ϑ
θϑs ) ds. (2.87)
Therefore, we obtain that for all ϑ ∈ Rd, t ∈ [0, T ] it holds that
( ∂
∂ϑ
θϑt )f(ϑ) = f(ϑ) +
∫ t
0
f ′(θϑs )(
∂
∂ϑ
θϑs )f(ϑ) ds. (2.88)
This and (2.81) assure that for all ϑ ∈ Rd, t ∈ [0, T ] it holds that
yϑ(t) = f(ϑ) +
∫ t
0
f ′(θϑs )yϑ(s) ds. (2.89)
Moreover, observe that the assumption that f ∈ C1(Rd,Rd) and (2.79) prove that
for all ϑ ∈ Rd, t ∈ [0, T ] it holds that
zϑ ∈ C1([0, T ],Rd). (2.90)
The fundamental theorem of calculus hence demonstrates that for all ϑ ∈ Rd, t ∈
[0, T ] it holds that
zϑ(t) = zϑ(0) +
∫ t
0
z′ϑ(s) ds. (2.91)
Combining this and (2.78) ensures that for all ϑ ∈ Rd, t ∈ [0, T ] it holds that
zϑ(t) = zϑ(0) +
∫ t
0
f ′(θϑs )f(θ
ϑ
s ) ds = zϑ(0) +
∫ t
0
f ′(θϑs )zϑ(s) ds. (2.92)
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Furthermore, note that the assumption that f ∈ C1(Rd,Rd) and (2.79) imply that
for all ϑ ∈ Rd it holds that(
[0, T ] ∋ s 7→ f ′(θϑs ) ∈ L(Rd,Rd)
) ∈ C([0, T ], L(Rd,Rd)). (2.93)
This, (2.89), (2.92), the fact that ∀ϑ ∈ Rd : zϑ(0) = f(ϑ), (2.83), and Lemma 2.3.4
demonstrate that for all ϑ ∈ Rd, t ∈ [0, T ] it holds that
yϑ(t) = zϑ(t). (2.94)
Combining this with the chain rule and the assumption that ∀ t ∈ [0, T ], ϑ ∈
Rd : u(t, ϑ) = ψ(θϑt ) proves that for all ϑ ∈ Rd, t ∈ [0, T ] it holds that
( ∂
∂t
u)(t, ϑ) = ψ′(θϑt )(
∂
∂t
θϑt ) = ψ
′(θϑt )f(θ
ϑ
t ) = ψ
′(θϑt )zϑ(t)
= ψ′(θϑt )yϑ(t) = ψ
′(θϑt )(
∂
∂ϑ
θϑt )f(ϑ) = (
∂
∂ϑ
u)(t, ϑ)f(ϑ).
(2.95)
This and (2.94) establish item (ii) and item (iii). The proof of Proposition 2.4.1 is
thus completed.
Chapter 3
Weak error estimates for
stochastic approximation
algorithms (SAAs) in the case of
general learning rates
In this chapter we use the analysis for first-order Kolmogorov backward PDEs from
Chapter 2 above to study weak approximation errors for SAAs in the case of general
learning rates. In particular, we establish in Proposition 3.7.1 in Section 3.7 below
weak error estimates for SAAs in the case of general learning rates with mini-batches.
Our proof of Proposition 3.7.1 employs the well-known results on the possibility of
interchanging derivatives and expectations in Section 3.2 below, the essentially well-
known spatial regularity results for flows of certain deterministic ODEs in Section 3.3
below, the auxiliary intermediate results on upper bounds for second-order spatial
derivatives of certain deterministic flows in Section 3.4 below, the elementary tempo-
ral regularity result for SAAs in Lemma 3.5.1 in Section 3.5 below, and the auxiliary
intermediate results on a priori estimates for SAAs in Section 3.6 below. In Sec-
tion 3.9 below we combine Proposition 3.7.1 and the elementary auxiliary results on
upper bounds for integrals of certain exponentially decaying functions in Section 3.8
below to establish in Corollary 3.9.1 below weak error estimates for SAAs in the
case of polynomially decaying learning rates with mini-batches. In Setting 3.1.1 in
Section 3.1 below we present a mathematical framework for describing SAAs in the
case of general learning rates. In the results of this chapter we frequently employ
Setting 3.1.1.
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3.1 Mathematical description for SAAs in the case
of general learning rates
Setting 3.1.1. Let d ∈ N, ξ ∈ Rd, let (S,S) be a measurable space, let (Ω,F ,P)
be a probability space, let Zn : Ω → S, n ∈ N, be i.i.d. random variables, for every
set A let #A ∈ N0 ∪ {∞} be the number of elements of A, let γ : [0,∞) → {A ⊆
N : #A < ∞} satisfy for all t ∈ [0,∞) that 0 < #{s∈[0,t] : γ(s)6=∅} < ∞, let G =
(G(x, s))(x,s)∈Rd×S : Rd × S → Rd be (B(Rd) ⊗ S)/B(Rd)-measurable, assume for all
s ∈ S that (Rd ∋ x 7→ G(x, s) ∈ Rd) ∈ C2(Rd,Rd), assume for all x ∈ Rd that
max
i∈{1,2}
inf
δ∈(0,∞)
sup
u∈[−δ,δ]d
E
[
‖G(x, Z1)‖Rd + ‖( ∂i∂xiG)(x+ u, Z1)‖1+δL(i)(Rd,Rd)
]
<∞ (3.1)
(cf. Corollary 2.2.5), let g : Rd → Rd satisfy for all x ∈ Rd that g(x) = E[G(x, Z1)],
let θϑ = (θϑt )t∈[0,∞) ∈ C([0,∞),Rd), ϑ ∈ Rd, satisfy for all t ∈ [0,∞), ϑ ∈ Rd that
θϑt = ϑ+
∫ t
0
g(θϑs ) ds (3.2)
(cf. item (i) in Lemma 2.2.6), let J·K : [0,∞)→ [0,∞) satisfy for all t ∈ [0,∞) that
JtK = max{s ∈ [0, t] : γ(s) 6= ∅}, (3.3)
and let Θ = (Θt(ω))(t,ω)∈[0,∞)×Ω : [0,∞) × Ω → Rd be the stochastic process with
continuous sample paths which satisfies for all t ∈ (0,∞) that Θ0 = ξ and
Θt = ΘJtK +
(t−JtK)
#γ(JtK)
[∑
n∈γ(JtK)G(ΘJtK, Zn)
]
. (3.4)
3.2 Sufficient conditions for interchanging deriva-
tives and expectations
Lemma 3.2.1. Assume Setting 3.1.1. Then
(i) it holds that g ∈ C1(Rd,Rd) and
(ii) it holds for all x ∈ Rd that g′(x) = E[( ∂
∂x
G)(x, Z1)].
Proof of Lemma 3.2.1. This is a direct consequence of Lemma 2.2.6. The proof of
Lemma 3.2.1 is thus completed.
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Lemma 3.2.2. Assume Setting 3.1.1, let n ∈ N, assume for all s ∈ S that (Rd ∋
y 7→ G(y, s) ∈ Rd) ∈ Cn(Rd,Rd), and assume for all x ∈ Rd that
max
i∈{1,2,...,n}
inf
δ∈(0,∞)
sup
u∈[−δ,δ]d
E
[
‖( ∂i
∂xi
G)(x+ u, Z1)‖1+δL(i)(Rd,Rd)
]
<∞. (3.5)
Then
(i) it holds that g ∈ Cn(Rd,Rd) and
(ii) it holds for all x ∈ Rd that E[‖( ∂n
∂xn
G)(x, Z1)‖L(n)(Rd,Rd)] <∞ and
g(n)(x) = E
[
( ∂
n
∂xn
G)(x, Z1)
]
. (3.6)
Proof of Lemma 3.2.2. Lemma 2.2.7 (with d = d, n = n, (S,S, µ) = (Ω,F ,P),
F = (Rd × Ω ∋ (y, ω) 7→ G(y, Z1(ω)) ∈ Rd), f = g, k = n in the notation of
Lemma 2.2.7) establishes item (i) and item (ii). The proof of Lemma 3.2.2 is thus
completed.
3.3 Spatial regularity results for flows of deter-
ministic ODEs
Lemma 3.3.1. Let d ∈ N, L ∈ R, T ∈ (0,∞), let g ∈ C1(Rd,Rd) satisfy for all
x, y ∈ Rd that
〈g(x)− g(y), x− y〉Rd ≤ L‖x− y‖2Rd, (3.7)
and let θϑ ∈ C([0, T ],Rd), ϑ ∈ Rd, satisfy for all t ∈ [0, T ], ϑ ∈ Rd that
θϑt = ϑ+
∫ t
0
g(θϑs ) ds. (3.8)
Then it holds for all x, y ∈ Rd, t ∈ [0, T ] that ‖θxt − θyt ‖Rd ≤ ‖x− y‖Rd exp(Lt).
Proof of Lemma 3.3.1. Throughout this proof let Ex,y = (Ex,y(t))t∈[0,T ] = (E
x,y
t )t∈[0,T ] :
[0, T ]→ [0,∞), x, y ∈ Rd, satisfy for all x, y ∈ Rd, t ∈ [0, T ] that
Ex,yt = ‖θxt − θyt ‖2Rd. (3.9)
Note that the assumption that g ∈ C1(Rd,Rd), (3.8), and Lemma 2.3.2 ensure that
for all x ∈ Rd it holds that θx ∈ C1([0, T ],Rd). This and (3.7) prove that for all
x, y ∈ Rd, t ∈ [0, T ] it holds that Ex,y ∈ C1([0, T ], [0,∞)) and
(Ex,y)′(t) = 2〈g(θxt )− g(θyt ), θxt − θyt 〉Rd ≤ 2L‖θxt − θyt ‖2Rd = 2LEx,yt . (3.10)
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The Gronwall differential inequality in Lemma 2.1.1 hence assures that for all x, y ∈
Rd, t ∈ [0, T ] it holds that
‖θxt − θyt ‖2Rd = Ex,yt ≤ Ex,y0 e2Lt = ‖x− y‖2Rde2Lt. (3.11)
The proof of Lemma 3.3.1 is thus completed.
Lemma 3.3.2. Let d ∈ N, L ∈ R, T ∈ (0,∞), g ∈ C1(Rd,Rd) and let θϑ ∈
C([0, T ],Rd), ϑ ∈ Rd, satisfy for all t ∈ [0, T ], x, y ∈ Rd that
θxt = x+
∫ t
0
g(θxs ) ds (3.12)
and ‖θxt − θyt ‖Rd ≤ ‖x − y‖Rd exp(Lt). Then it holds for all x, y ∈ Rd that 〈g(x) −
g(y), x− y〉Rd ≤ L‖x− y‖2Rd.
Proof of Lemma 3.3.2. Throughout this proof let Ex,y = (Ex,y(t))t∈[0,T ] = (E
x,y
t )t∈[0,T ] :
[0, T ]→ [0,∞), x, y ∈ Rd, satisfy for all x, y ∈ Rd, t ∈ [0, T ] that
Ex,yt = ‖θxt − θyt ‖2Rd. (3.13)
Observe that for all x, y ∈ Rd, h ∈ (0, T ] it holds that
‖θxh − θyh‖2Rd − ‖θx0 − θy0‖2Rd
h
=
‖θxh − θyh‖2Rd − ‖x− y‖2Rd
h
≤ ‖x− y‖
2
Rd
e2Lh − ‖x− y‖2
Rd
e2L·0
h
= ‖x− y‖2Rd
[
e2Lh − e2L·0
h
]
.
(3.14)
Next note that the assumption that g ∈ C1(Rd,Rd), (3.12), and Lemma 2.3.2 imply
that for all x ∈ Rd it holds that θx ∈ C1([0, T ],Rd). This and (3.14) prove that for
all x, y ∈ Rd, t ∈ [0, T ] it holds that Ex,y ∈ C1([0, T ], [0,∞)) and
(Ex,y)′(0) = lim
h→0
h∈(0,∞)
‖θxh − θyh‖2Rd − ‖θx0 − θy0‖2Rd
h
≤ ‖x− y‖2Rd

 lim
h→0
h∈(0,∞)
e2Lh − e2L·0
h

 = 2L‖x− y‖2Rd.
(3.15)
Hence, we obtain that for all x, y ∈ Rd it holds that
2〈x− y, g(x)− g(y)〉Rd =
[
2〈θxt − θyt , g(θxt )− g(θyt )〉Rd
]
t=0
= (Ex,y)′(0) ≤ 2L‖x− y‖2Rd.
(3.16)
The proof of Lemma 3.3.2 is thus completed.
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Corollary 3.3.3. Let d ∈ N, L ∈ R, T ∈ (0,∞), g ∈ C1(Rd,Rd) and let θϑ ∈
C([0, T ],Rd), ϑ ∈ Rd, satisfy for all t ∈ [0, T ], ϑ ∈ Rd that
θϑt = ϑ+
∫ t
0
g(θϑs ) ds. (3.17)
Then the following two statements are equivalent:
(i) It holds for all x, y ∈ Rd that 〈g(x)− g(y), x− y〉Rd ≤ L‖x− y‖2Rd.
(ii) It holds for all x, y ∈ Rd, t ∈ [0, T ] that ‖θxt − θyt ‖Rd ≤ ‖x− y‖Rd exp(Lt).
Proof of Corollary 3.3.3. Observe that Lemma 3.3.1 ensures that ((i)⇒ (ii)). More-
over, note that Lemma 3.3.2 establishes that ((ii)⇒ (i)). The proof of Corollary 3.3.3
is thus completed.
Lemma 3.3.4. Assume Setting 3.1.1 and let L ∈ R satisfy for all x, y ∈ Rd that
〈g(x)− g(y), x− y〉Rd ≤ L‖x− y‖2Rd. (3.18)
Then
(i) it holds that ([0,∞)× Rd ∋ (t, ϑ) 7→ θϑt ∈ Rd) ∈ C1([0,∞)× Rd,Rd) and
(ii) it holds for all ϑ ∈ Rd, t ∈ [0,∞) that ‖( ∂
∂ϑ
θϑt )‖L(Rd,Rd) ≤ exp(Lt).
Proof of Lemma 3.3.4. First, observe that Corollary 2.3.3 and Lemma 3.2.1 prove
item (i). Next note that item (i) and the triangle inequality imply that for all
ϑ ∈ Rd, t ∈ [0,∞) it holds that
lim sup
h→0
h∈Rd\{0}
∥∥∥ 1‖h‖
Rd
( ∂
∂ϑ
θϑt )h
∥∥∥
Rd
≤ lim sup
h→0
h∈Rd\{0}
[ ∥∥∥ 1‖h‖
Rd
( ∂
∂ϑ
θϑt )h− 1‖h‖
Rd
(θϑ+ht − θϑt )
∥∥∥
Rd
+
∥∥∥ 1‖h‖
Rd
(θϑ+ht − θϑt )
∥∥∥
Rd
]
≤ lim sup
h→0
h∈Rd\{0}
∥∥∥ 1‖h‖
Rd
( ∂
∂ϑ
θϑt )h− 1‖h‖
Rd
(θϑ+ht − θϑt )
∥∥∥
Rd
+ lim sup
h→0
h∈Rd\{0}
∥∥∥ 1‖h‖
Rd
(θϑ+ht − θϑt )
∥∥∥
Rd
= lim sup
h→0
h∈Rd\{0}
∥∥∥ 1‖h‖
Rd
(θϑ+ht − θϑt )
∥∥∥
Rd
. (3.19)
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This, (3.18), and Corollary 3.3.3 assure that for all ϑ ∈ Rd, t ∈ [0,∞) it holds that
lim sup
h→0
h∈Rd\{0}
∥∥∥ 1‖h‖
Rd
( ∂
∂ϑ
θϑt )h
∥∥∥
Rd
≤ eLt.
(3.20)
Hence, we obtain that for all ϑ ∈ Rd, v ∈ Rd\{0}, t ∈ [0,∞) it holds that
‖( ∂
∂ϑ
θϑt )v‖Rd = lim sup
λ→0
λ∈R\{0}
∥∥ 1
λ
( ∂
∂ϑ
θϑt )λv
∥∥
Rd
= ‖v‖Rd lim sup
λ→0
λ∈R\{0}
∥∥∥ 1λ( ∂∂ϑθϑt )λ v‖v‖Rd
∥∥∥
Rd
≤ ‖v‖Rd eLt.
(3.21)
This establishes item (ii). The proof of Lemma 3.3.4 is thus completed.
Lemma 3.3.5. Assume Setting 3.1.1. Then it holds for all a, b ∈ [0,∞), ϑ ∈ Rd
that θ
(θϑa )
b = θ
ϑ
a+b.
Proof of Lemma 3.3.5. Throughout this proof let a, b ∈ [0,∞), ϑ ∈ Rd and let
e : [0, b]→ R satisfy for all s ∈ [0, b] that
e(s) =
∥∥θϑa+s − θ(θϑa )s ∥∥Rd. (3.22)
Observe that the fact that ([0, b] ∋ t 7→ θϑa+t ∈ Rd) and ([0, b] ∋ t 7→ θ(θ
ϑ
a )
t ∈ Rd) are
continuous implies that there exists a non-empty convex compact set K ⊆ Rd which
satisfies for all s ∈ [0, b] that
θϑa+s ∈ K and θ(θ
ϑ
a )
s ∈ K. (3.23)
Moreover, note that Lemma 2.2.2 and Lemma 3.2.1 assure that
sup
x∈K
‖g′(x)‖L(Rd,Rd) <∞. (3.24)
In the next step we observe that (3.2) proves that for all s ∈ [0, b] it holds that
e(s) =
∥∥θϑa+s − θ(θϑa )s ∥∥Rd
=
∥∥∥∥ϑ+
∫ a+s
0
g
(
θϑu
)
du−
(
θϑa +
∫ s
0
g
(
θ(θ
ϑ
a )
u
)
du
)∥∥∥∥
Rd
=
∥∥∥∥ϑ+
∫ a+s
0
g
(
θϑu
)
du−
(
ϑ+
∫ a
0
g
(
θϑu
)
du+
∫ s
0
g(θ(θ
ϑ
a )
u ) du
)∥∥∥∥
Rd
=
∥∥∥∥
∫ a+s
a
g
(
θϑu
)
du−
∫ s
0
g
(
θ(θ
ϑ
a )
u
)
du
∥∥∥∥
Rd
=
∥∥∥∥
∫ s
0
g(θϑa+u)− g
(
θ(θ
ϑ
a )
u
)
du
∥∥∥∥
Rd
.
(3.25)
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This, the triangle inequality for the Bochner integral, and the mean value inequality
demonstrate that for all s ∈ [0, b] it holds that
e(s) ≤
∫ s
0
∥∥g(θϑa+u)− g(θ(θϑa )u )∥∥Rd du
≤
∫ s
0
[
sup
x∈K
‖g′(x)‖L(Rd,Rd)
] ∥∥θϑa+u − θ(θϑa )u ∥∥Rd du
= sup
x∈K
‖g′(x)‖L(Rd,Rd)
∫ s
0
e(u) du.
(3.26)
The Gronwall integral inequality in Lemma 2.1.2 and (3.24) hence assure that for all
s ∈ [0, b] it holds that
e(s) = 0. (3.27)
The proof of Lemma 3.3.5 is thus completed.
Lemma 3.3.6. Assume Setting 3.1.1 and let L ∈ (0,∞) satisfy for all x, y ∈ Rd
that
〈g(x)− g(y), x− y〉Rd ≤ −L‖x− y‖2Rd. (3.28)
Then
(i) it holds that there exists a unique Ξ ∈ Rd which satisfies that g(Ξ) = 0,
(ii) it holds for all t ∈ [0,∞) that θΞt = Ξ,
(iii) it holds for all h ∈ Rd, t ∈ [0,∞) that ‖θΞ+ht − Ξ‖Rd ≤ ‖h‖Rd exp(−Lt), and
(iv) it holds for all x ∈ Rd that lim supt→∞ ‖θxt − Ξ‖Rd = 0.
Proof of Lemma 3.3.6. First, observe that Lemma 3.2.1, Corollary 3.3.3, and (3.28)
imply that for all t ∈ [0,∞), x, y ∈ Rd it holds that
‖θxt − θyt ‖Rd ≤ ‖x− y‖Rde−Lt. (3.29)
This and the Banach fixed point theorem demonstrate that there exists a unique
function β : (0,∞)→ Rd which satisfies for all t ∈ (0,∞) that
θβtt = βt. (3.30)
Next we claim that for all n ∈ N, t ∈ (0,∞) it holds that
βnt = βt. (3.31)
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We establish this by induction on n ∈ N. The base case n = 1 is clear. For the
induction step N ∋ n → n + 1 ∈ N observe that Lemma 3.3.5 and the induction
hypothesis imply that for all t ∈ (0,∞) it holds that
θβt(n+1)t = θ
βt
nt+t = θ
θ
βt
t
nt = θ
βt
nt = θ
βnt
nt = βnt = βt. (3.32)
This finishes the proof of the induction step. Induction hence establishes (3.31).
Observe that (3.31) implies that for all m,n ∈ N, t ∈ (0,∞) it holds that
βm
n
t = βnm
n
t = βmt = βt. (3.33)
Hence, we obtain that for all t ∈ Q ∩ (0,∞) it holds that
βt = β1. (3.34)
This proves that for all t ∈ Q ∩ (0,∞) it holds that
θβ1t = θ
βt
t = βt = β1. (3.35)
Therefore, we obtain that for all t ∈ [0,∞), n ∈ N and all functions q = (qk)k∈N : N→
Q ∩ (0,∞) with lim supk→∞ |qk − t| = 0 it holds that
θβ1qn = β1. (3.36)
Moreover, observe that Corollary 2.3.3 and Lemma 3.2.1 assure that(
[0,∞) ∋ t 7→ θβ1t ∈ Rd
) ∈ C1([0,∞),Rd). (3.37)
Combining this and (3.36) proves that for all t ∈ [0,∞) it holds that
θβ1t = β1. (3.38)
This, (3.2), and (3.37) ensure that for all t ∈ [0,∞) it holds that
0 = ∂
∂t
(θβ1t ) = g(θ
β1
t ) = g(β1). (3.39)
Combining this and (3.28) implies that for all x ∈ {y ∈ Rd : g(y) = 0} it holds that
0 = 〈0, x− β1〉Rd = 〈g(x)− g(β1), x− β1〉Rd ≤ −L‖x− β1‖2Rd. (3.40)
The assumption that L > 0 and (3.39) therefore prove item (i). Moreover, note that
(3.38) establishes item (ii). Corollary 3.3.3 hence demonstrates that for all h ∈ Rd,
t ∈ [0,∞) it holds that
‖θβ1+ht − β1‖Rd = ‖θβ1+ht − θβ1t ‖Rd ≤ ‖h‖Rde−Lt. (3.41)
This establishes item (iii). Next observe that item (iii) implies item (iv). The proof
of Lemma 3.3.6 is thus completed.
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Lemma 3.3.7. Assume Setting 3.1.1, let L ∈ R, ψ ∈ C1(Rd,R), and assume for all
x, y ∈ Rd that
〈g(x)− g(y), x− y〉Rd ≤ L‖x− y‖2Rd. (3.42)
Then it holds for all t ∈ [0,∞), x, y ∈ Rd that
|ψ(θxt )− ψ(θyt )| ≤ sup
{‖ψ′(λθxt + (1− λ)θyt )‖L(Rd,R) ∈ R : λ ∈ [0, 1]}
· ‖x− y‖Rd exp(Lt).
(3.43)
Proof of Lemma 3.3.7. Throughout this proof let M : [0,∞) × Rd × Rd → [0,∞]
satisfy for all t ∈ [0,∞), x, y ∈ Rd that
M(t, x, y) = sup
{‖ψ′(λθxt + (1− λ)θyt )‖L(Rd,R) ∈ R : λ ∈ [0, 1]} . (3.44)
Note that the fundamental theorem of calculus, Lemma 3.2.1, and Corollary 3.3.3
assure that for all t ∈ [0,∞), x, y ∈ Rd it holds that
|ψ(θxt )− ψ(θyt )| =
∣∣∣∣
∫ 1
0
ψ′(λθxt + (1− λ)θyt )(θxt − θyt ) dλ
∣∣∣∣
≤
∫ 1
0
|ψ′(λθxt + (1− λ)θyt )(θxt − θyt )| dλ
≤
∫ 1
0
‖ψ′(λθxt + (1− λ)θyt )‖L(Rd,R)‖θxt − θyt ‖Rd dλ
≤M(t, x, y)‖θxt − θyt ‖Rd ≤M(t, x, y)‖x− y‖Rd exp(Lt).
(3.45)
The proof of Lemma 3.3.7 is thus completed.
Lemma 3.3.8. Assume Setting 3.1.1, let ψ ∈ C1(Rd,R), T ∈ (0,∞), and let u =
(u(t, ϑ))(t,ϑ)∈[0,T ]×Rd : [0, T ]× Rd → R satisfy for all t ∈ [0, T ], ϑ ∈ Rd that u(t, ϑ) =
ψ(θϑT−t). Then
(i) it holds that u ∈ C1([0, T ]× Rd,R) and
(ii) it holds for all t ∈ [0, T ], ϑ ∈ Rd that ( ∂
∂t
u)(t, ϑ) = −( ∂
∂ϑ
u)(t, ϑ)g(ϑ).
Proof of Lemma 3.3.8. Throughout this proof let v : [0, T ] × Rd → R satisfy for all
t ∈ [0, T ], ϑ ∈ Rd that
v(t, ϑ) = ψ(θϑt ). (3.46)
Note that combining Lemma 3.2.1 and item (i) in Proposition 2.4.1 proves item (i).
Next observe that item (iii) in Proposition 2.4.1 assures that for all t ∈ [0, T ], ϑ ∈ Rd
it holds that
( ∂
∂t
v)(t, ϑ) = ( ∂
∂ϑ
v)(t, ϑ)g(ϑ). (3.47)
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Hence, we obtain that for all t ∈ [0, T ], ϑ ∈ Rd it holds that
( ∂
∂t
u)(t, ϑ) = −( ∂
∂t
v)(T − t, ϑ) = −( ∂
∂ϑ
v)(T − t, ϑ)g(ϑ) = −( ∂
∂ϑ
u)(t, ϑ)g(ϑ). (3.48)
This establishes item (ii). The proof of Lemma 3.3.8 is thus completed.
Lemma 3.3.9. Assume Setting 3.1.1, let ψ ∈ C1(Rd,R), T ∈ (0,∞), L ∈ R, assume
for all x, y ∈ Rd that
〈g(x)− g(y), x− y〉Rd ≤ L‖x− y‖2Rd, (3.49)
and let u = (u(t, ϑ))(t,ϑ)∈[0,T ]×Rd : [0, T ] × Rd → R satisfy for all t ∈ [0, T ], ϑ ∈ Rd
that u(t, ϑ) = ψ(θϑT−t). Then
(i) it holds that u ∈ C1([0, T ]× Rd,R) and
(ii) it holds for all t ∈ [0, T ], ϑ ∈ Rd that
‖( ∂
∂ϑ
u)(t, ϑ)‖L(Rd,R) ≤ ‖ψ′(θϑT−t)‖L(Rd,R) exp(L(T − t)). (3.50)
Proof of Lemma 3.3.9. First, note that item (i) in Lemma 3.3.8 proves item (i). Next
observe that item (ii) in Lemma 3.3.4 implies that for all t ∈ [0, T ], ϑ ∈ Rd it holds
that
‖( ∂
∂ϑ
u)(t, ϑ)‖L(Rd,R) = ‖ψ′(θϑT−t)( ∂∂ϑθϑT−t)‖L(Rd,R)
≤ ‖ψ′(θϑT−t)‖L(Rd,R)‖( ∂∂ϑθϑT−t)‖L(Rd,Rd)
≤ ‖ψ′(θϑT−t)‖L(Rd,R)eL(T−t).
(3.51)
This establishes item (ii). The proof of Lemma 3.3.9 is thus completed.
3.4 Upper bounds for second-order spatial deriva-
tives of certain deterministic flows
Lemma 3.4.1. Let d ∈ N, g ∈ C1(Rd,Rd), L ∈ R, and assume for all x, y ∈ Rd that
〈g(x)− g(y), x− y〉Rd ≤ L‖x− y‖2Rd. (3.52)
Then it holds for all x, v ∈ Rd that 〈g′(v)x, x〉Rd ≤ L‖x‖2Rd .
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Proof of Lemma 3.4.1. Throughout this proof let x, v ∈ Rd. Note that
lim sup
h→0
h∈Rd\{0}
∥∥∥∥ 1‖h‖Rd (g(v + h)− g(v)− g′(v)h)
∥∥∥∥
Rd
= 0. (3.53)
This demonstrates that
lim sup
λ→0
λ∈R\{0}
∥∥∥∥ 1λ(g(v + λx)− g(v)− λg′(v)x)
∥∥∥∥
Rd
= 0. (3.54)
Hence, we obtain that
lim
λ→0
λ∈R\{0}
[
1
λ
(g(v + λx)− g(v))
]
= g′(v)x. (3.55)
This and (3.52) assure that
〈g′(v)x, x〉Rd (3.56)
=
〈
lim
λ→0
λ∈R\{0}
[
1
λ
(g(v + λx)− g(v))
]
, x
〉
Rd
= lim
λ→0
λ∈R\{0}
[
1
λ
〈g(v + λx)− g(v), x〉Rd
]
= lim
λ→0
λ∈R\{0}
[
1
λ2
〈g(v + λx)− g(v), λx〉Rd
]
≤ lim sup
λ→0
λ∈R\{0}
[
1
λ2
L ‖λx‖2Rd
]
= L‖x‖2Rd.
The proof of Lemma 3.4.1 is thus completed.
Lemma 3.4.2. Let t, L ∈ R, T ∈ (t,∞), d ∈ N, b ∈ C([t, T ],Rd), let A ∈
C([t, T ], L(Rd,Rd)) satisfy for all s ∈ [t, T ], u ∈ Rd that
〈A(s)u, u〉Rd ≤ L ‖u‖2Rd , (3.57)
and let y1, y2 ∈ C1([t, T ],Rd) satisfy for all i ∈ {1, 2}, s ∈ [t, T ] that
yi(t) = 0 and (yi)
′(s) = A(s)yi(s) + b(s). (3.58)
Then it holds that y1 = y2.
Proof of Lemma 3.4.2. Throughout this proof let ϕ ∈ C1([t, T ],R) satisfy for all
s ∈ [t, T ] that
ϕ(s) = ‖y1(s)− y2(s)‖2Rd . (3.59)
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Observe that (3.59), (3.58), and (3.57) imply that for all s ∈ [t, T ] it holds that
ϕ′(s) = 2〈y1(s)− y2(s), (y1)′(s)− (y2)′(s)〉Rd
= 2〈y1(s)− y2(s), A(s)(y1(s)− y2(s))〉Rd
≤ 2L ‖y1(s)− y2(s)‖2Rd = 2Lϕ(s).
(3.60)
This and the Gronwall differential inequality in Lemma 2.1.1 prove that for all s ∈
[t, T ] it holds that
ϕ(s) ≤ ϕ(t)e2L(s−t). (3.61)
This and (3.58) assure that for all s ∈ [t, T ] it holds that ϕ(s) = 0. The proof of
Lemma 3.4.2 is thus completed.
Lemma 3.4.3. Assume Setting 3.1.1. Then
(i) it holds that g ∈ C2(Rd,Rd),
(ii) it holds that(
[0,∞)× Rd ∋ (t, ϑ) 7→ θϑt ∈ Rd
) ∈ C2([0,∞)× Rd,Rd), (3.62)
(iii) it holds for all ϑ ∈ Rd that(
[0,∞) ∋ t 7→ ∂2
∂ϑ2
θϑt ∈ L(2)(Rd,Rd)
) ∈ C1([0,∞), L(2)(Rd,Rd)), (3.63)
and
(iv) it holds for all t ∈ [0,∞), ϑ ∈ Rd that
∂
∂t
( ∂
2
∂ϑ2
θϑt ) =
∂2
∂ϑ2
(g(θϑt )). (3.64)
Proof of Lemma 3.4.3. First, note that Lemma 3.2.2 proves item (i). This and Corol-
lary 2.3.3 demonstrate item (ii). Next observe that for all t ∈ [0,∞), ϑ ∈ Rd it holds
that
∂
∂t
θϑt = g(θ
ϑ
t ). (3.65)
This, item (i), and item (ii) ensure that(
[0,∞)× Rd ∋ (t, ϑ) 7→ ∂
∂t
θϑt ∈ Rd
) ∈ C2([0,∞)× Rd,Rd). (3.66)
Hence, we obtain that(
[0,∞)× Rd ∋ (t, ϑ) 7→ ∂2
∂ϑ2
( ∂
∂t
θϑt ) ∈ L(2)(Rd,Rd)
)
∈ C([0,∞)× Rd, L(2)(Rd,Rd)). (3.67)
41
Schwarz’s theorem (cf., e.g., Ko¨nigsberger [61, Section 2.3]) hence proves that for all
t ∈ [0,∞), ϑ ∈ Rd it holds that
∂2
∂ϑ2
( ∂
∂t
θϑt ) =
∂
∂ϑ
( ∂
2
∂ϑ∂t
θϑt ) =
∂
∂ϑ
( ∂
2
∂t∂ϑ
θϑt ) =
∂2
∂ϑ∂t
( ∂
∂ϑ
θϑt ). (3.68)
This and (3.67) assure that(
[0,∞)× Rd ∋ (t, ϑ) 7→ ∂2
∂ϑ∂t
( ∂
∂ϑ
θϑt ) ∈ L(2)(Rd,Rd)
)
∈ C([0,∞)× Rd, L(2)(Rd,Rd)). (3.69)
Schwarz’s theorem (cf., e.g., Ko¨nigsberger [61, Section 2.3]) therefore implies that
for all t ∈ [0,∞), ϑ ∈ Rd it holds that ∂2
∂t∂ϑ
( ∂
∂ϑ
θϑt ) exists and
∂2
∂t∂ϑ
( ∂
∂ϑ
θϑt ) =
∂2
∂ϑ∂t
( ∂
∂ϑ
θϑt ). (3.70)
This and (3.68) establish item (iii) and that for all t ∈ [0,∞), ϑ ∈ Rd it holds that
∂2
∂ϑ2
( ∂
∂t
θϑt ) =
∂2
∂t∂ϑ
( ∂
∂ϑ
θϑt ) =
∂
∂t
( ∂
2
∂ϑ2
θϑt ). (3.71)
Combining this with (3.65) establishes item (iv). The proof of Lemma 3.4.3 is thus
completed.
Lemma 3.4.4. Assume Setting 3.1.1, let T ∈ (0,∞), L ∈ R, and assume for all
x, y ∈ Rd that
〈g(x)− g(y), x− y〉Rd ≤ L‖x− y‖2Rd. (3.72)
Then
(i) it holds that g ∈ C2(Rd,Rd),
(ii) it holds that ([0,∞)× Rd ∋ (t, ϑ) 7→ θϑt ∈ Rd) ∈ C2([0,∞)× Rd,Rd),
(iii) it holds that there exist unique χϑ ∈ C({(s, t) ∈ [0, T ]2 : s ≤ t} × Rd,Rd),
ϑ ∈ Rd, which satisfy for all ϑ ∈ Rd, s ∈ [0, T ], t ∈ [s, T ], x ∈ Rd that
χϑ(s, t, x) = x+
∫ t
s
g′(θϑu)χ
ϑ(s, u, x) du, (3.73)
and
(iv) it holds for all t ∈ [0, T ], ϑ, v, w ∈ Rd that
( ∂
2
∂ϑ2
θϑt )(v, w) =
∫ t
0
χϑ
(
s, t, g′′(θϑs )
(
( ∂
∂ϑ
θϑs )v, (
∂
∂ϑ
θϑs )w
))
ds. (3.74)
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Proof of Lemma 3.4.4. First, observe that Lemma 3.4.3 proves item (i) and item (ii).
Next note that item (i), item (ii), the fact that the set [0, T ] ⊆ R is compact, and
Lemma 2.2.2 assure that there exists c : Rd → (0,∞) which satisfies for all ϑ ∈ Rd,
t ∈ [0, T ] that
‖g′(θϑt )‖L(Rd,Rd) ≤ cϑ. (3.75)
This proves that for all ϑ ∈ Rd, x, y ∈ Rd, s ∈ [0, T ] it holds that
‖g′(θϑs )x− g′(θϑs )y‖Rd ≤ cϑ‖x− y‖Rd. (3.76)
Proposition 2.3.1 hence ensures that there exist unique χϑ ∈ C({(s, t) ∈ [0, T ]2 : s ≤
t} × Rd,Rd), ϑ ∈ Rd, which satisfy for all ϑ ∈ Rd, s ∈ [0, T ], t ∈ [s, T ], x ∈ Rd that
χϑ(s, t, x) = x+
∫ t
s
g′(θϑu)χ
ϑ(s, u, x) du. (3.77)
This proves item (iii). In the next step let ϑ, v, w ∈ Rd, let A ∈ C([0, T ], L(Rd,Rd))
satisfy for all t ∈ [0, T ] that
A(t) = g′(θϑt ), (3.78)
let b ∈ C([0, T ],Rd) satisfy for all t ∈ [0, T ] that
b(t) = g′′(θϑt )
(
( ∂
∂ϑ
θϑt )v, (
∂
∂ϑ
θϑt )w
)
, (3.79)
let y ∈ C1([0, T ],Rd) satisfy for all t ∈ [0, T ] that
y(t) = ( ∂
2
∂ϑ2
θϑt )(v, w) (3.80)
(cf. Lemma 3.4.3), and let z ∈ C1([0, T ],Rd) satisfy for all t ∈ [0, T ] that
z(t) =
∫ t
0
χϑ
(
s, t, b(s)
)
ds. (3.81)
Note that (3.80) and (3.2) imply that
y(0) = ( ∂
2
∂ϑ2
θϑ0 )(v, w) = (
∂2
∂ϑ2
ϑ)(v, w) = 0. (3.82)
Moreover, observe that (3.80), Lemma 3.4.3, and the chain rule ensure that for all
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t ∈ [0, T ] it holds that
y′(t) = ∂
∂t
(
( ∂
2
∂ϑ2
θϑt )(v, w)
)
=
(
∂2
∂ϑ2
(g(θϑt ))
)
(v, w)
=
(
∂
∂ϑ
(g′(θϑt )(
∂
∂ϑ
θϑt ))
)
(v)(w)
=
(
∂
∂ϑ
(g′(θϑt )(
∂
∂ϑ
θϑt )v)
)
(w)
= g′′(θϑt )
(
( ∂
∂ϑ
θϑt )v, (
∂
∂ϑ
θϑt )w
)
+ g′(θϑt )
(
∂
∂ϑ
(
( ∂
∂ϑ
θϑt )v
)
(w)
)
= g′′(θϑt )
(
( ∂
∂ϑ
θϑt )v, (
∂
∂ϑ
θϑt )w
)
+ g′(θϑt )
(
( ∂
2
∂ϑ2
θϑt )(v, w)
)
= g′(θϑt )
(
( ∂
2
∂ϑ2
θϑt )(v, w)
)
+ g′′(θϑt )
(
( ∂
∂ϑ
θϑt )v, (
∂
∂ϑ
θϑt )w
)
= A(t)y(t) + b(t).
(3.83)
In addition, note that (3.81) assures that
z(0) = 0. (3.84)
In the next step we combine (3.81), (3.78), and (3.77) to obtain that for all t ∈ [0, T ]
it holds that
z′(t) = χ(t, t, b(t)) +
∫ t
0
A(t)χϑ
(
s, t, b(s)
)
ds
= b(t) + A(t)z(t) = A(t)z(t) + b(t).
(3.85)
Furthermore, observe that Lemma 3.4.1 and (3.72) imply that for all t ∈ [0, T ],
u ∈ Rd it holds that
〈A(t)u, u〉Rd ≤ L‖u‖2Rd. (3.86)
Combining this, (3.82)–(3.85), and Lemma 3.4.2 demonstrates that for all t ∈ [0, T ]
it holds that
y(t) = z(t). (3.87)
This establishes item (iv). The proof of Lemma 3.4.4 is thus completed.
Lemma 3.4.5. Let d ∈ N, a, L ∈ R, b ∈ (a,∞), let f ∈ C([a, b]×Rd,Rd) satisfy for
all x, y ∈ Rd, s ∈ [a, b] that
〈f(s, x)− f(s, y), x− y〉Rd ≤ L‖x− y‖2Rd, (3.88)
and let χxt,· ∈ C([t, b],Rd), x ∈ Rd, t ∈ [a, b], satisfy for all t ∈ [a, b], x ∈ Rd, s ∈ [t, b]
that
χxt,s = x+
∫ s
t
f(u, χxt,u) du. (3.89)
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Then it holds for all x, y ∈ Rd, t ∈ [a, b], s ∈ [t, b] that
‖χxt,s − χyt,s‖Rd ≤ ‖x− y‖RdeL(s−t). (3.90)
Proof of Lemma 3.4.5. Throughout this proof let t ∈ [a, b], x, y ∈ Rd, let E : [t, b]→
R satisfy for all s ∈ [t, b] that
E(s) = ‖χxt,s − χyt,s‖2Rd. (3.91)
Note that (3.91), (3.89), and (3.88) assure that for all s ∈ [t, b] it holds that
E ′(s) = 2〈f(s, χxt,s)− f(s, χyt,s), χxt,s − χyt,s〉Rd ≤ 2L‖χxt,s − χyt,s‖2Rd = 2LE(s). (3.92)
The Gronwall differential inequality in Lemma 2.1.1 hence implies that for all s ∈ [t, b]
it holds that
‖χxt,s − χyt,s‖Rd = |E(s)|1/2 ≤ |E(t)|1/2eL(s−t) = ‖x− y‖RdeL(s−t). (3.93)
The proof of Lemma 3.4.5 is thus completed.
Lemma 3.4.6. Assume Setting 3.1.1, let T ∈ (0,∞), L ∈ R, and assume for all
x, y ∈ Rd that
〈g(x)− g(y), x− y〉Rd ≤ L‖x− y‖2Rd. (3.94)
Then
(i) it holds that g ∈ C2(Rd,Rd),
(ii) it holds that ([0,∞)× Rd ∋ (t, ϑ) 7→ θϑt ∈ Rd) ∈ C2([0,∞)× Rd,Rd), and
(iii) it holds for all ϑ ∈ Rd, t ∈ [0, T ] that
∥∥ ∂2
∂ϑ2
θϑt
∥∥
L(2)(Rd,Rd)
≤
∫ t
0
exp(L(t + s))
∥∥g′′(θϑs )‖L(2)(Rd,Rd) ds. (3.95)
Proof of Lemma 3.4.6. First, observe that Lemma 3.4.4 proves item (i) and item (ii).
Next let ϑ, v, w ∈ Rd, let A : [0, T ]→ L(Rd,Rd) satisfy for all t ∈ [0, T ] that
A(t) = g′(θϑt ), (3.96)
let b : [0, T ]→ Rd satisfy for all t ∈ [0, T ] that
b(t) = g′′(θϑt )
(
( ∂
∂ϑ
θϑt )v, (
∂
∂ϑ
θϑt )w
)
, (3.97)
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and let χ ∈ C({(s, t) ∈ [0, T ]2 : s ≤ t} × Rd,Rd) satisfy for all s ∈ [0, T ], t ∈ [s, T ],
x ∈ Rd that
χ(s, t, x) = x+
∫ t
s
A(u)χ(s, u, x) du (3.98)
(cf. Lemma 3.4.4). Note that Lemma 3.4.1 implies that for all x, y ∈ Rd, t ∈ [0, T ] it
holds that
〈A(t)x− A(t)y, x− y〉Rd ≤ L‖x− y‖2Rd. (3.99)
Furthermore, observe that item (iii) in Lemma 3.4.4 assures that for all s ∈ [0, T ],
t ∈ [s, T ] it holds that
χ(s, t, 0) = 0. (3.100)
Combining this, (3.99), (3.98), and Lemma 3.4.5 proves that for all s ∈ [0, T ], t ∈
[s, T ] it holds that
‖χ(s, t, b(s))‖Rd = ‖χ(s, t, b(s))− 0‖Rd
= ‖χ(s, t, b(s))− χ(s, t, 0)‖Rd ≤ eL(t−s)‖b(s)‖Rd.
(3.101)
This, Lemma 3.4.4, and the triangle inequality for the Bochner integral ensure that
for all t ∈ [0, T ] it holds that
‖( ∂2
∂ϑ2
θϑt )(v, w)‖Rd =
∥∥∥∥
∫ t
0
χ
(
s, t, g′′(θϑs )
(
( ∂
∂ϑ
θϑs )v, (
∂
∂ϑ
θϑs )w
))
ds
∥∥∥∥
Rd
=
∥∥∥∥
∫ t
0
χ(s, t, b(s)) ds
∥∥∥∥
Rd
≤
∫ t
0
∥∥χ(s, t, b(s))∥∥
Rd
ds
≤
∫ t
0
eL(t−s) ‖b(s)‖Rd ds.
(3.102)
Next observe that for all s ∈ [0, T ] it holds that
‖b(s)‖Rd =
∥∥g′′(θϑs )(( ∂∂ϑθϑs )v, ( ∂∂ϑθϑs )w)∥∥Rd
≤ ‖( ∂
∂ϑ
θϑs )v‖Rd‖( ∂∂ϑθϑs )w‖Rd‖g′′(θϑs )‖L(2)(Rd,Rd).
(3.103)
Lemma 3.3.4 hence implies that for all s ∈ [0, T ] it holds that
‖b(s)‖Rd ≤ ‖v‖Rd ‖w‖Rd ‖g′′(θϑs )‖L(2)(Rd,Rd)e2Ls. (3.104)
Combining this and (3.102) proves that for all t ∈ [0, T ] it holds that
‖( ∂2
∂ϑ2
θϑt )(v, w)‖Rd ≤ ‖v‖Rd ‖w‖Rd
∫ t
0
eL(t−s)e2Ls‖g′′(θϑs )‖L(2)(Rd,Rd) ds
= ‖v‖Rd ‖w‖Rd
∫ t
0
eL(t+s)‖g′′(θϑs )‖L(2)(Rd,Rd) ds.
(3.105)
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This establishes item (iii). The proof of Lemma 3.4.6 is thus completed.
3.5 Temporal regularity results for SAAs in the
case of general learning rates
Lemma 3.5.1. Assume Setting 3.1.1 and let T ∈ (0,∞). Then
(i) it holds for all ω ∈ Ω, t ∈ [0, T ) with γ(t) = ∅ that [0, T ] ∋ u 7→ Θu(ω) ∈ Rd is
differentiable at t and
(ii) it holds for all ω ∈ Ω, t ∈ [0, T ) with γ(t) = ∅ that
∂
∂t
Θt(ω) =
1
#γ(JtK)
[∑
j∈γ(JtK)G(ΘJtK(ω), Zj(ω))
]
. (3.106)
Proof of Lemma 3.5.1. Combining the assumption that
∀ t ∈ [0,∞) : 0 < #{s∈[0,t] : γ(s)6=∅} <∞ (3.107)
with (3.4) establishes item (i) and item (ii). The proof of Lemma 3.5.1 is thus
completed.
3.6 A priori estimates for SAAs in the case of gen-
eral learning rates
Lemma 3.6.1. Let n ∈ N, p ∈ {0} ∪ [1,∞), x1, x2, . . . , xn ∈ R. Then it holds that∣∣∣∣ n∑
i=1
xi
∣∣∣∣
p
≤ np−1
[
n∑
i=1
|xi|p
]
. (3.108)
Proof of Lemma 3.6.1. Throughout this proof assume w.l.o.g. that p ≥ 1. Observe
that the triangle inequality and Ho¨lder’s inequality imply that
∣∣∣∣ n∑
i=1
xi
∣∣∣∣ ≤ n∑
i=1
|xi| ≤
∣∣∣∣ n∑
i=1
1
∣∣∣∣
p−1
p
∣∣∣∣ n∑
i=1
|xi|p
∣∣∣∣
1
p
= n
p−1
p
∣∣∣∣ n∑
i=1
|xi|p
∣∣∣∣
1
p
. (3.109)
This establishes (3.108). The proof of Lemma 3.6.1 is thus completed.
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Lemma 3.6.2. Assume Setting 3.1.1, assume for all v, w ∈ [0,∞) with v 6= w that
γ(v) ∩ γ(w) = ∅, and let c ∈ [0,∞), p ∈ [1,∞), m ∈ R satisfy for all x ∈ Rd that
E
[‖G(x, Z1)‖pRd] ≤ c(1 + ‖x‖mpRd). (3.110)
Then it holds for all t ∈ [0,∞) that
E
[∥∥ 1
#γ(JtK)
∑
j∈γ(JtK)G(ΘJtK, Zj)
∥∥p
Rd
]
≤ c(1 + E[‖ΘJtK‖mpRd]). (3.111)
Proof of Lemma 3.6.2. Throughout this proof let t ∈ [0,∞), j ∈ γ(JtK). Note that
Lemma 3.6.1 and the triangle inequality assure that
E
[∥∥ 1
#γ(JtK)
∑
j∈γ(JtK)G(ΘJtK, Zj)
∥∥p
Rd
]
≤ 1|#γ(JtK)|pE
[(∑
j∈γ(JtK) ‖G(ΘJtK, Zj)‖Rd
)p]
≤ 1|#γ(JtK)|pE
[
|#γ(JtK)|p−1
∑
j∈γ(JtK) ‖G(ΘJtK, Zj)‖pRd
]
= 1
#γ(JtK)
E
[∑
j∈γ(JtK) ‖G(ΘJtK, Zj)‖pRd
]
.
(3.112)
Moreover, observe that combining the assumption that Zj, j ∈ N, are i.i.d. random
variables, the assumption that ∀ (v, w) ∈ {(a, b) ∈ [0,∞)2 : a 6= b} : γ(v) ∩ γ(w) = ∅,
and (3.4) proves that for all j ∈ γ(JtK) it holds that Zj and ΘJtK are independent.
This, (3.112), the assumption that j ∈ γ(JtK), and the assumption that Zj, j ∈ N,
are i.i.d. random variables ensure that
E
[∥∥∥ 1#γ(JtK) ∑j∈γ(JtK)G(ΘJtK, Zj)
∥∥∥p
Rd
]
≤ 1
#γ(JtK)
∑
j∈γ(JtK) E
[‖G(ΘJtK, Zj)‖pRd]
= E
[‖G(ΘJtK, Zj)‖pRd]
=
∫
Ω
‖G(ΘJtK(ω), Zj(ω))‖pRd P(dω)
=
∫
Ω
∫
Ω
‖G(ΘJtK(ω), Zj(ω˜))‖pRd P(dω˜)P(dω).
(3.113)
Combining this and (3.110) demonstrates that
E
[∥∥∥ 1#γ(JtK) ∑j∈γ(JtK)G(ΘJtK, Zj)
∥∥∥p
Rd
]
≤
∫
Ω
c(1 + ‖ΘJtK(ω)‖mpRd)P(dω)
= E
[
c(1 + ‖ΘJtK‖mpRd)
]
= c
(
1 + E
[‖ΘJtK‖mpRd]).
(3.114)
This establishes (3.111). The proof of Lemma 3.6.2 is thus completed.
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Lemma 3.6.3. Assume Setting 3.1.1, assume for all v, w ∈ [0,∞) with v 6= w that
γ(v) ∩ γ(w) = ∅, let p ∈ [1,∞), and assume that
sup
x∈Rd
(
E
[‖G(x, Z1)‖pRd][
1 + ‖x‖Rd
]p
)
<∞. (3.115)
Then it holds for all t ∈ [0,∞) that
E
[‖ΘJtK‖pRd] <∞. (3.116)
Proof of Lemma 3.6.3. Throughout this proof let t : N0 → [0,∞) be a non-decreasing
function which satisfies that
{t ∈ [0,∞) : γ(t) 6= ∅} = {tn : n ∈ N0}. (3.117)
Observe that (3.115) implies that there exists c ∈ [0,∞) which satisfies for all x ∈ Rd
that
E
[‖G(x, Z1)‖pRd] ≤ c(1 + ‖x‖pRd). (3.118)
Next note that the assumption that ∀ t ∈ [0,∞) : 0 < #{s∈[0,t] : γ(s)6=∅} assures that
t0 = 0. This and the assumption that Θ0 = ξ imply that
E
[‖Θt0‖pRd] = E[‖Θ0‖pRd] = ‖ξ‖pRd <∞. (3.119)
Furthermore, observe that the Minkowski inequality and (3.4) ensure that for all
n ∈ N0 it holds that
∣∣E[‖Θtn+1‖pRd]∣∣1/p =
∣∣∣E[‖Θtn + (tn+1−tn)#γ(tn) ∑j∈γ(tn)G(Θtn , Zj)‖pRd
]∣∣∣1/p
≤ ∣∣E[‖Θtn‖pRd]∣∣1/p + (tn+1 − tn)
∣∣∣E[∥∥ 1#γ(tn) ∑j∈γ(tn)G(Θtn, Zj)∥∥pRd
]∣∣∣1/p. (3.120)
This, (3.118), and Lemma 3.6.2 prove that for all n ∈ N0 it holds that∣∣E[‖Θtn+1‖pRd]∣∣1/p ≤ ∣∣E[‖Θtn‖pRd]∣∣1/p + (tn+1 − tn)∣∣c(1 + E[‖Θtn‖pRd])∣∣1/p. (3.121)
Induction and (3.119) therefore assure that for all n ∈ N0 it holds that
E
[‖Θtn‖pRd] <∞. (3.122)
This establishes (3.116). The proof of Lemma 3.6.3 is thus completed.
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Corollary 3.6.4. Assume Setting 3.1.1, assume for all v, w ∈ [0,∞) with v 6= w
that γ(v) ∩ γ(w) = ∅, and let p ∈ [1,∞), c ∈ [0,∞) satisfy for all x ∈ Rd that
E
[‖G(x, Z1)‖pRd] ≤ c(1 + ‖x‖pRd). (3.123)
Then
(i) it holds for all t ∈ [0,∞) that
E
[‖Θt‖pRd] ≤ 2p−1c(t− JtK)p + 2p−1(1 + c(t− JtK)p)E[‖ΘJtK‖pRd] (3.124)
and
(ii) it holds for all T ∈ [0,∞) that
sup
t∈[0,T ]
E
[‖Θt‖pRd] <∞. (3.125)
Proof of Corollary 3.6.4. First, note that (3.4) and the Minkowski inequality imply
that for all t ∈ [0,∞) it holds that∣∣E[‖Θt‖pRd]∣∣1/p =
∣∣∣E[∥∥ΘJtK + (t−JtK)#γ(JtK) ∑j∈γ(JtK)G(ΘJtK, Zj)∥∥pRd
]∣∣∣1/p
≤ ∣∣E[‖ΘJtK‖pRd]∣∣1/p + (t− JtK)
∣∣∣E[∥∥ 1#γ(JtK) ∑j∈γ(JtK)G(ΘJtK, Zj)∥∥pRd
]∣∣∣1/p. (3.126)
Lemma 3.6.2 and (3.123) hence prove that for all t ∈ [0,∞) it holds that∣∣E[‖Θt‖pRd]∣∣1/p ≤ ∣∣E[‖ΘJtK‖pRd]∣∣1/p + (t− JtK)∣∣c(1 + E[‖ΘJtK‖pRd])∣∣1/p. (3.127)
Lemma 3.6.1 therefore demonstrates that for all t ∈ [0,∞) it holds that
E
[‖Θt‖pRd] ≤ 2p−1E[‖ΘJtK‖pRd]+ (t− JtK)p2p−1c(1 + E[‖ΘJtK‖pRd])
= 2p−1c(t− JtK)p + 2p−1(1 + c(t− JtK)p)E[‖ΘJtK‖pRd]. (3.128)
This proves item (i). Next note that (3.128) ensures that for all T ∈ [0,∞) it holds
that
sup
t∈[0,T ]
E
[‖Θt‖pRd] ≤ 2p−1cT p + 2p−1(1 + cT p) sup
t∈[0,T ]
E
[‖ΘJtK‖pRd]. (3.129)
The assumption that ∀T ∈ [0,∞) : 0 < #{s∈[0,T ] : γ(s)6=∅} <∞ and Lemma 3.6.3 hence
imply that for all T ∈ [0,∞) it holds that
sup
t∈[0,T ]
E
[‖Θt‖pRd] <∞. (3.130)
This establishes item (ii). The proof of Corollary 3.6.4 is thus completed.
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Lemma 3.6.5. Assume Setting 3.1.1, assume that #{t∈[0,∞) : γ(t)6=∅} = ∞, and let
p ∈ [1,∞). Then the following two statements are equivalent:
(i) It holds that
sup
t∈[0,∞)
E
[‖Θt‖pRd] <∞. (3.131)
(ii) It holds that
sup
t∈[0,∞)
E
[‖ΘJtK‖pRd] <∞. (3.132)
Proof of Lemma 3.6.5. Throughout this proof let ⌈·⌉ : [0,∞)→ [0,∞] satisfy for all
t ∈ [0,∞) that
⌈t⌉ = inf ({s ∈ (t,∞) : γ(s) 6= ∅} ∪ {∞}). (3.133)
Note that it is clear that ((i) ⇒ (ii)). Next we prove that ((ii) ⇒ (i)). Observe
that the assumption that ∀ t ∈ [0,∞) : #{s∈[0,t] : γ(s)6=∅} <∞ and the assumption that
#{t∈[0,∞) : γ(t)6=∅} =∞ assure that for all t ∈ [0,∞) it holds that
⌈t⌉ <∞. (3.134)
This and (3.4) prove that for all t ∈ [0,∞) it holds that
Θ⌈t⌉ = ΘJtK + (⌈t⌉ − JtK) 1#γ(JtK)
∑
j∈γ(JtK)G(ΘJtK, Zj). (3.135)
Combining this and (3.4) ensures that for all t ∈ [0,∞) it holds that
⌈t⌉−t
⌈t⌉−JtKΘJtK +
t−JtK
⌈t⌉−JtKΘ⌈t⌉
= ⌈t⌉−t⌈t⌉−JtKΘJtK +
t−JtK
⌈t⌉−JtK
(
ΘJtK + (⌈t⌉ − JtK) 1#γ(JtK)
∑
j∈γ(JtK)G(ΘJtK, Zj)
)
= ⌈t⌉−t⌈t⌉−JtKΘJtK +
t−JtK
⌈t⌉−JtKΘJtK + (t− JtK) 1#γ(JtK)
∑
j∈γ(JtK)G(ΘJtK, Zj)
= ΘJtK + (t− JtK) 1#γ(JtK)
∑
j∈γ(JtK)G(ΘJtK, Zj) = Θt.
(3.136)
This and the triangle inequality imply that for all t ∈ [0,∞) it holds that
‖Θt‖Rd ≤ ‖ΘJtK‖Rd + ‖Θ⌈t⌉‖Rd. (3.137)
Lemma 3.6.1 therefore demonstrates that
sup
t∈[0,∞)
E
[‖Θt‖pRd] ≤ sup
t∈[0,∞)
E
[(‖ΘJtK‖Rd + ‖Θ⌈t⌉‖Rd)p]
≤ 2p−1 sup
t∈[0,∞)
E
[‖ΘJtK‖pRd + ‖Θ⌈t⌉‖pRd]
≤ 2p sup
t∈[0,∞)
E
[‖ΘJtK‖pRd].
(3.138)
Hence, we obtain that ((ii)⇒ (i)). The proof of Lemma 3.6.5 is thus completed.
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3.7 Weak error estimates for SAAs in the case of
general learning rates with mini-batches
Proposition 3.7.1. Assume Setting 3.1.1, assume for all v, w ∈ [0,∞) with v 6= w
that γ(v) ∩ γ(w) = ∅, let ψ ∈ C2(Rd,R), L ∈ (0,∞), assume for all y, z ∈ Rd that
〈g(y)− g(z), y − z〉Rd ≤ −L‖y − z‖2Rd , (3.139)
assume that
sup
x∈Rd
(
E
[‖G(x, Z1)‖2Rd][
1 + ‖x‖Rd
]2 +
∥∥E[( ∂
∂x
G)(x, Z1)
]∥∥
L(Rd,Rd)[
1 + ‖x‖Rd
] +‖ψ′(x)‖L(Rd,R)
)
<∞, (3.140)
and let Q : [0,∞)×Ω→ Rd be the stochastic process which satisfies for all t ∈ [0,∞)
that
Qt =
1
#γ(JtK)
[∑
j∈γ(JtK)G(ΘJtK, Zj)
]
. (3.141)
Then
(i) it holds that g ∈ C2(Rd,Rd),
(ii) it holds that there exists a unique Ξ ∈ Rd which satisfies that
lim sup
t→∞
‖θξt − Ξ‖Rd = 0, (3.142)
and
(iii) it holds for all T ∈ (0,∞) that
|E[ψ(ΘT )]− ψ(Ξ)| ≤ sup
s,v∈[0,T ]
E
[
‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd
·
(∫ 1
0
exp(−L(T − s))∥∥ψ′′(θλΘs+(1−λ)ΘJsKT−s )∥∥L(2)(Rd,R) (3.143)
+
∥∥ψ′(θλΘs+(1−λ)ΘJsKT−s )∥∥L(Rd,R)
∫ T−s
0
exp(−Lu)∥∥g′′(θλΘs+(1−λ)ΘJsKu )∥∥L(2)(Rd,Rd) du dλ
)
+
∥∥ψ′(θΘsT−s)∥∥L(Rd,R)∥∥g′(Θv)Qv∥∥Rd
] ∫ T
0
exp(−L(T − t))(t− JtK) dt
+ sup
{∥∥ψ′(λθξT + (1− λ)Ξ)∥∥L(Rd,R) ∈ R : λ ∈ [0, 1]
}
‖ξ − Ξ‖Rd exp(−LT ).
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Proof of Proposition 3.7.1. Throughout this proof let T ∈ (0,∞), let E ⊆ [0, T ] be
the set given by
E = {t ∈ [0, T ] : γ(t) 6= ∅} ∪ {T}, (3.144)
let u = (u(t, ϑ))(t,ϑ)∈[0,T ]×Rd ∈ C([0, T ]× Rd,R) satisfy for all t ∈ [0, T ], ϑ ∈ Rd that
u(t, ϑ) = ψ(θϑT−t), (3.145)
let u1,0 = (u1,0(t, ϑ))(t,ϑ)∈[0,T ]×Rd ∈ C([0, T ] × Rd, L(R,R)) satisfy for all t ∈ [0, T ],
ϑ ∈ Rd that
u1,0(t, ϑ) = (
∂
∂t
u)(t, ϑ) (3.146)
(cf. item (i) in Lemma 3.3.8), let u0,1 = (u0,1(t, ϑ))(t,ϑ)∈[0,T ]×Rd ∈ C([0, T ] × Rd,
L(Rd,R)) satisfy for all t ∈ [0, T ], ϑ ∈ Rd that
u0,1(t, ϑ) = (
∂
∂ϑ
u)(t, ϑ) (3.147)
(cf. item (i) in Lemma 3.3.8), let δ : [0, T ]×Ω→ Rd be the stochastic process which
satisfies for all t ∈ [0, T ] that
δt = Θt −ΘJtK, (3.148)
let θ1,ϑ ∈ C([0,∞), L(Rd,Rd)), ϑ ∈ Rd, satisfy for all t ∈ [0,∞), ϑ ∈ Rd that
θ1,ϑt =
∂
∂ϑ
θϑt (3.149)
(cf. item (ii) in Lemma 3.4.4), let θ2,ϑ ∈ C([0,∞), L(2)(Rd,Rd)), ϑ ∈ Rd, satisfy for
all t ∈ [0,∞), ϑ ∈ Rd that
θ2,ϑt =
∂2
∂ϑ2
θϑt (3.150)
(cf. item (ii) in Lemma 3.4.4), let aλ : [0,∞)× Ω→ Rd, λ ∈ [0, 1], be the stochastic
processes which satisfy for all λ ∈ [0, 1], t ∈ [0,∞) that
aλt = λΘt + (1− λ)ΘJtK, (3.151)
and let ∆: [0,∞)×Ω→ Rd be the stochastic process which satisfies for all t ∈ [0,∞)
that
∆t =
1
#γ(JtK)
[∑
j∈γ(JtK)G(ΘJtK, Zj)
]
− g(ΘJtK) = Qt − g(ΘJtK). (3.152)
Observe that item (i) in Lemma 3.4.3 establishes item (i). Next note that Lemma 3.3.6
ensures that there exists a unique Ξ ∈ Rd which satisfies that g(Ξ) = 0 and
lim sup
t→∞
‖θξt − Ξ‖Rd = 0. (3.153)
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This establishes item (ii). Next observe that the assumption that ∀ t ∈ [0,∞) : 0 <
#{s∈[0,t] : γ(s)6=∅} <∞ ensures that there exist k ∈ N, t1, t2, . . . , tk ∈ [0, T ] which satisfy
that
0 = t1 < t2 < · · · < tk = JT K and {t ∈ [0, T ] : γ(t) 6= ∅} = {t1, t2, . . . , tk}.
(3.154)
Note that (3.154) implies that there exists j : {1, 2, . . . , k} → N which satisfies for all
n ∈ {1, 2, . . . , k} that
jn ∈ γ(tn). (3.155)
Next note that (3.140) and Lemma 3.2.1 assure that there exists c ∈ (0,∞) which
satisfies for all x ∈ Rd that
max
{
E
[‖G(x, Z1)‖2Rd]1/2, ‖g(x)‖Rd, ‖g′(x)‖L(Rd,Rd)} ≤ c(1 + ‖x‖Rd), (3.156)
E
[‖G(x, Z1)‖2Rd] ≤ c(1 + ‖x‖2Rd), (3.157)
and
‖ψ′(x)‖L(Rd,R) ≤ c. (3.158)
Item (ii) in Lemma 3.3.9 hence ensures that for all t ∈ [0, T ], ϑ ∈ Rd it holds that
‖u0,1(t, ϑ)‖L(Rd,R) = ‖( ∂∂ϑu)(t, ϑ)‖L(Rd,R) ≤ ‖ψ′(θϑT−t)‖L(Rd,R)e−L(T−t) ≤ c. (3.159)
Next note Lemma 3.6.2 and (3.157) imply that for all t ∈ [0, T ] it holds that
E
[‖Qt‖2Rd] ≤ c(1 + E[‖ΘJtK‖2Rd]). (3.160)
Jensen’s inequality therefore proves that for all t ∈ [0, T ] it holds that
E
[‖Qt‖Rd] ≤ ∣∣E[‖Qt‖2Rd]∣∣1/2 ≤ ∣∣c(1 + E[‖ΘJtK‖2Rd])∣∣1/2. (3.161)
Moreover, observe that (3.156) and Jensen’s inequality ensure that for all t ∈ [0, T ]
it holds that
E
[‖g(Θt)‖Rd] ≤ c(1 + E[‖Θt‖Rd]) ≤ c(1 + ∣∣E[‖Θt‖2Rd]∣∣1/2). (3.162)
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This, (3.159), and (3.161) assure that∫ T
0
E
[
(‖u0,1(t,Θt)‖L(Rd,R) + ‖u0,1(t,ΘJtK)‖L(Rd,R))
· (‖Qt‖Rd + ‖g(ΘJtK)‖Rd + ‖g(Θt)‖Rd)
]
dt
≤
∫ T
0
2c
(∣∣c(1 + E[‖ΘJtK‖2Rd])∣∣1/2 + c(1 + ∣∣E[‖ΘJtK‖2Rd]∣∣1/2) (3.163)
+ c
(
1 +
∣∣E[‖Θt‖2Rd]∣∣1/2)) dt
≤ 2cT
(∣∣c(1 + ( sup
t∈[0,T ]
E
[‖ΘJtK‖2Rd]))∣∣1/2 + 2c(1 + ∣∣( sup
t∈[0,T ]
E
[‖Θt‖2Rd])∣∣1/2)).
In addition, observe that Corollary 3.6.4 and (3.157) prove that
sup
t∈[0,T ]
E
[‖Θt‖2Rd] <∞. (3.164)
This and (3.163) demonstrate that∫ T
0
E
[
(‖u0,1(t,Θt)‖L(Rd,R) + ‖u0,1(t,ΘJtK)‖L(Rd,R))
· (‖Qt‖Rd + ‖g(ΘJtK)‖Rd + ‖g(Θt)‖Rd)
]
dt <∞.
(3.165)
Furthermore, note that (3.159) and Jensen’s inequality imply that for all s, t ∈ [0, T ],
j ∈ N it holds that
E
[|u0,1(t,Θs)G(Θs, Zj)|+ |u0,1(t,Θs)g(Θs)|]
≤ E[‖u0,1(t,Θs)‖L(Rd,R)‖G(Θs, Zj)‖Rd + ‖u0,1(t,Θs)‖L(Rd,R)‖g(Θs)‖Rd]
≤ cE[‖G(Θs, Zj)‖Rd]+ cE[‖g(Θs)‖Rd]
≤ c ∣∣E[‖G(Θs, Zj)‖2Rd]∣∣1/2 + cE[‖g(Θs)‖Rd].
(3.166)
Moreover, observe that the assumption that Zj, j ∈ N, are i.i.d. random variables,
the assumption that ∀ (v, w) ∈ {(a, b) ∈ [0,∞)2 : a 6= b} : γ(v) ∩ γ(w) = ∅, and (3.4)
prove that for all s ∈ [0, T ], j ∈ γ(JsK) it holds that Zj and ΘJsK are independent.
This and the assumption that Zj, j ∈ N, are i.i.d. random variables ensure that for
all s ∈ [0, T ], j ∈ γ(JsK) it holds that
E
[‖G(ΘJsK, Zj)‖2Rd] =
∫
Ω
‖G(ΘJsK(ω), Zj(ω))‖2Rd P(dω)
=
∫
Ω
∫
Ω
‖G(ΘJsK(ω), Zj(ω˜))‖2Rd P(dω˜)P(dω)
=
∫
Ω
∫
Ω
‖G(ΘJsK(ω), Z1(ω˜))‖2Rd P(dω˜)P(dω).
(3.167)
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Combining this with (3.157) implies that for all s ∈ [0, T ], j ∈ γ(JsK) it holds that
E
[‖G(ΘJsK, Zj)‖2Rd] ≤
∫
Ω
c
(
1 + ‖ΘJsK(ω)‖2Rd
)
P(dω) = c
(
1 + E
[‖ΘJsK‖2Rd]). (3.168)
This and (3.166) demonstrate that for all s, t ∈ [0, T ], j ∈ γ(JsK) it holds that
E
[|u0,1(t,ΘJsK)G(ΘJsK, Zj)|+ |u0,1(t,ΘJsK)g(ΘJsK)|]
≤ c3/2∣∣1 + E[‖ΘJsK‖2Rd]∣∣1/2 + cE[‖g(ΘJsK)‖Rd]. (3.169)
Combining this and (3.156) assures that for all s, t ∈ [0, T ], j ∈ γ(JsK) it holds that
E
[|u0,1(t,ΘJsK)G(ΘJsK, Zj)|+ |u0,1(t,ΘJsK)g(ΘJsK)|]
≤ c3/2∣∣1 + E[‖ΘJsK‖2Rd]∣∣1/2 + c2(1 + E[‖ΘJsK‖Rd]). (3.170)
Jensen’s inequality and (3.164) hence prove that for all s, t ∈ [0, T ], j ∈ γ(JsK) it
holds that
E
[|u0,1(t,ΘJsK)G(ΘJsK, Zj)|+ |u0,1(t,ΘJsK)g(ΘJsK)|]
≤ c3/2∣∣1 + sup
u∈[0,T ]
E
[‖Θu‖2Rd]∣∣1/2 + c2(1 + sup
u∈[0,T ]
∣∣E[‖Θu‖2Rd]∣∣1/2) <∞. (3.171)
Next note that item (ii) in Lemma 3.3.6 and Lemma 3.3.7 ensure that
|ψ(θξT )− ψ(Ξ)| = |ψ(θξT )− ψ(θΞT )|
≤ sup
{
‖ψ′(λθξT + (1− λ)θΞT )‖L(Rd,R) ∈ R : λ ∈ [0, 1]
}
‖ξ − Ξ‖Rde−LT
= sup
{
‖ψ′(λθξT + (1− λ)Ξ)‖L(Rd,R) ∈ R : λ ∈ [0, 1]
}
‖ξ − Ξ‖Rde−LT .
(3.172)
In the next step we combine (3.145) and (3.2) to obtain that for all ϑ ∈ Rd it holds
that
ψ(ϑ) = ψ(θϑ0 ) = u(T, ϑ). (3.173)
This and the assumption that ∀ω ∈ Ω: Θ0(ω) = ξ prove that for all ω ∈ Ω it holds
that
ψ(ΘT (ω)) = u(T,ΘT (ω)) (3.174)
and
ψ(θξT ) = ψ(θ
Θ0(ω)
T ) = u(0,Θ0(ω)). (3.175)
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Next observe that Lemma 3.5.1 and (3.141) assure that for all ω ∈ Ω, t ∈ [0, T ]\E it
holds that
[0, T ]\E ⊆ {u ∈ [0, T ] : [0, T ] ∋ s 7→ Θs(ω) ∈ Rd is differentiable at u} (3.176)
and
∂
∂t
Θt(ω) = Qt(ω). (3.177)
This, item (i) in Lemma 3.3.8, and the fact that ψ ∈ C1(Rd,R) imply that for all
ω ∈ Ω it holds that
[0, T ]\E ⊆ {t ∈ [0, T ] : [0, T ] ∋ s 7→ u(s,Θs(ω)) ∈ R is differentiable at t} . (3.178)
Hence, we obtain that for all ω ∈ Ω, t ∈ [0, T ]\E it holds that
∂
∂t
[u(t,Θt(ω))] = (
∂
∂t
u)(t,Θt(ω)) + (
∂
∂ϑ
u)(t,Θt(ω))
∂
∂t
Θt(ω). (3.179)
Next note that (3.177) and (3.147) demonstrate that∫
[0,T ]\E
E
[|( ∂
∂ϑ
u)(t,Θt)
∂
∂t
Θt|
]
dt
≤
∫
[0,T ]\E
E
[‖( ∂
∂ϑ
u)(t,Θt)‖L(Rd,R)‖ ∂∂tΘt‖Rd
]
dt
=
∫
[0,T ]\E
E
[‖u0,1(t,Θt)‖L(Rd,R)‖Qt‖Rd] dt.
(3.180)
This and (3.165) assure that∫
[0,T ]\E
E
[|( ∂
∂ϑ
u)(t,Θt)
∂
∂t
Θt|
]
dt <∞. (3.181)
Next observe that (3.145) ensures that for all t ∈ [0, T ], ϑ ∈ Rd it holds that
|( ∂
∂t
u)(t, ϑ)| = |ψ′(θϑT−t) ∂∂t(θϑT−t)| = |ψ′(θϑT−t)g(θϑT−t)|
≤ ‖ψ′(θϑT−t)‖L(Rd,R)‖g(θϑT−t)‖Rd.
(3.182)
This, (3.158), and (3.156) imply that for all t ∈ [0, T ], ϑ ∈ Rd it holds that
|( ∂
∂t
u)(t, ϑ)| ≤ c‖g(θϑT−t)‖Rd ≤ c2(1 + ‖θϑT−t‖Rd). (3.183)
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The triangle inequality hence proves that for all t ∈ [0, T ] it holds that
E
[|( ∂
∂t
u)(t,Θt)|
] ≤ c2(1 + E[‖θΘtT−t‖Rd])
= c2
(
1 + E
[‖θΞ+(Θt−Ξ)T−t ‖Rd])
≤ c2(1 + ‖Ξ‖Rd + E[‖θΞ+(Θt−Ξ)T−t − Ξ‖Rd]).
(3.184)
This, item (iii) in Lemma 3.3.6, and the triangle inequality ensure that for all t ∈
[0, T ] it holds that
E
[|( ∂
∂t
u)(t,Θt)|
] ≤ c2(1 + ‖Ξ‖Rd + E[‖Θt − Ξ‖Rd]e−L(T−t))
≤ c2(1 + ‖Ξ‖Rd + E[‖Θt − Ξ‖Rd])
≤ c2(1 + 2‖Ξ‖Rd + E[‖Θt‖Rd]).
(3.185)
Therefore, we obtain that
∫ T
0
E
[|( ∂
∂t
u)(t,Θt)|
]
dt ≤
∫ T
0
c2
(
1 + 2‖Ξ‖Rd + E
[‖Θt‖Rd]) dt
= Tc2(1 + 2‖Ξ‖Rd) + c2
∫ T
0
E
[‖Θt‖Rd] dt
≤ Tc2(1 + 2‖Ξ‖Rd) + Tc2 sup
t∈[0,T ]
E
[‖Θt‖Rd].
(3.186)
Jensen’s inequality and (3.164) hence imply that
∫ T
0
E
[|( ∂
∂t
u)(t,Θt)|
]
dt
≤ Tc2(1 + 2‖Ξ‖Rd) + Tc2 sup
t∈[0,T ]
(
E
[‖Θt‖2Rd])1/2 <∞. (3.187)
Combining this, (3.181), (3.179), and the triangle inequality demonstrates that∫
[0,T ]\E
∫
Ω
∣∣ ∂
∂t
[u(t,Θt(ω))]
∣∣P(dω) dt
≤
∫
[0,T ]\E
∫
Ω
∣∣( ∂
∂t
u)(t,Θt(ω))
∣∣+ ∣∣( ∂
∂ϑ
u)(t,Θt(ω))
∂
∂t
Θt(ω)
∣∣P(dω) dt <∞. (3.188)
This, (3.174), (3.175), the fundamental theorem of calculus, the fact that #E <∞,
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and Tonelli’s theorem prove that
E
[|ψ(ΘT )− ψ(θξT )|] =
∫
Ω
|u(T,ΘT (ω))− u(0,Θ0(ω))|P(dω)
≤
∫
Ω
∫
[0,T ]\E
∣∣ ∂
∂t
[u(t,Θt(ω))]
∣∣ dtP(dω)
=
∫
[0,T ]\E
∫
Ω
∣∣ ∂
∂t
[u(t,Θt(ω))]
∣∣P(dω) dt <∞.
(3.189)
The fundamental theorem of calculus, (3.174), (3.175), the fact that #E < ∞, and
Fubini’s theorem therefore assure that
E[ψ(ΘT )]− ψ(θξT ) =
∫
Ω
u(T,ΘT (ω))− u(0,Θ0(ω))P(dω)
=
∫
Ω
∫
[0,T ]\E
∂
∂t
[u(t,Θt(ω))] dtP(dω)
=
∫
[0,T ]\E
∫
Ω
∂
∂t
[u(t,Θt(ω))]P(dω) dt.
(3.190)
Furthermore, note that item (ii) in Lemma 3.3.8 implies that for all t ∈ [0, T ], ϑ ∈ Rd
it holds that
u1,0(t, ϑ) = −u0,1(t, ϑ)g(ϑ). (3.191)
This and (3.179) assure that for all t ∈ [0, T ]\E, ω ∈ Ω it holds that
∂
∂t
[u(t,Θt(ω))] = u1,0(t,Θt(ω)) + u0,1(t,Θt(ω))
∂
∂t
Θt(ω)
= u0,1(t,Θt(ω))
(
( ∂
∂t
Θt(ω))− g(Θt(ω))
)
.
(3.192)
Combining this and (3.177) demonstrates that for all t ∈ [0, T ]\E, ω ∈ Ω it holds
that
∂
∂t
[u(t,Θt(ω))] = u0,1(t,Θt(ω)) (Qt(ω)− g(Θt(ω))) . (3.193)
The fact that #E <∞ and (3.190) hence imply that
E[ψ(ΘT )]− ψ(θξT ) =
∫
[0,T ]\E
∫
Ω
∂
∂t
[u(t,Θt(ω))]P(dω) dt (3.194)
=
∫
[0,T ]\E
∫
Ω
u0,1(t,Θt(ω)) (Qt(ω)− g(Θt(ω)))P(dω) dt
=
∫
[0,T ]
∫
Ω
u0,1(t,Θt(ω)) (Qt(ω)− g(Θt(ω)))P(dω) dt.
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Therefore, we obtain that
E[ψ(ΘT )]− ψ(θξT ) =
∫ T
0
E
[
u0,1(t,Θt) (Qt − g(Θt))
]
dt. (3.195)
This and (3.165) ensure that
E[ψ(ΘT )]− ψ(θξT ) (3.196)
=
∫ T
0
E
[
u0,1(t,Θt)(Qt − g(ΘJtK))
]
dt+
∫ T
0
E
[
u0,1(t,Θt)(g(ΘJtK)− g(Θt))
]
dt.
Combining this with (3.152) assures that
E[ψ(ΘT )]− ψ(θξT )
=
∫ T
0
E[u0,1(t,Θt)∆t] dt+
∫ T
0
E
[
u0,1(t,Θt)
(
g(ΘJtK)− g(Θt)
)]
dt.
(3.197)
Next note that (3.154) and (3.3) demonstrate that for all i ∈ {1, 2, . . . , k − 1},
t ∈ [ti, ti+1) it holds that JtK = ti. This assures that∫ T
0
E
[
u0,1(t,ΘJtK)(Qt − g(ΘJtK))
]
dt
=
[
k−1∑
i=1
∫ ti+1
ti
E
[
u0,1(t,ΘJtK)(Qt − g(ΘJtK))
]
dt
]
+
∫ T
tk
E
[
u0,1(t,ΘJtK)
(
Qt − g(ΘJtK)
)]
dt
=
[
k−1∑
i=1
∫ ti+1
ti
E
[
u0,1(t,Θti)(Qti − g(Θti))
]
dt
]
+
∫ T
tk
E
[
u0,1(t,Θtk)(Qtk − g(Θtk))
]
dt.
(3.198)
Combining (3.141) and (3.171) hence proves that∫ T
0
E
[
u0,1(t,ΘJtK)(Qt − g(ΘJtK))
]
dt (3.199)
=
[
k−1∑
i=1
∫ ti+1
ti
((
1
#γ(ti)
∑
j∈γ(ti)
E
[
u0,1(t,Θti)G(Θti, Zj)
])− E[u0,1(t,Θti)g(Θti)]
)
dt
]
+
∫ T
tk
((
1
#γ(tk)
∑
j∈γ(tk)
E
[
u0,1(t,Θtk)G(Θtk , Zj)
])− E[u0,1(t,Θtk)g(Θtk)]
)
dt.
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Furthermore, note that the assumption that Zj, j ∈ N, are i.i.d. random variables,
the fact that for all s ∈ [0, T ], j ∈ γ(JsK) it holds that Zj and ΘJsK are independent,
and (3.155) ensure that for all i ∈ {1, 2, . . . , k}, t ∈ [0, T ] it holds that
1
#γ(ti)
∑
j∈γ(ti)
E
[
u0,1(t,Θti)G(Θti, Zj)
]
= 1
#γ(ti)
∑
j∈γ(ti)
E
[
u0,1(t,Θti)G(Θti, Zji)
]
= E
[
u0,1(t,Θti)G(Θti, Zji)
]
=
∫
Ω
u0,1(t,Θti(ω))G(Θti(ω), Zji(ω))P(dω)
=
∫
Ω
∫
Ω
u0,1(t,Θti(ω))G(Θti(ω), Zji(ω
′))P(dω′)P(dω)
=
∫
Ω
u0,1(t,Θti(ω))
(∫
Ω
G(Θti(ω), Zji(ω
′))P(dω′)
)
P(dω)
=
∫
Ω
u0,1(t,Θti(ω))
(∫
Ω
G(Θti(ω), Z1(ω
′))P(dω′)
)
P(dω)
=
∫
Ω
u0,1(t,Θti(ω))E[G(Θti(ω), Z1)]P(dω)
=
∫
Ω
u0,1(t,Θti(ω))g(Θti(ω))P(dω) = E
[
u0,1(t,Θti)g(Θti)
]
.
(3.200)
This and (3.199) imply that
∫ T
0
E
[
u0,1(t,ΘJtK)(Qt − g(ΘJtK))
]
dt = 0. (3.201)
Next observe that the fundamental theorem of calculus, Lemma 3.2.1, the fact that
#E <∞, and (3.177) ensure that
∫ T
0
E
[
u0,1(t,Θt)
(
g(ΘJtK)− g(Θt)
)]
dt
= −
∫ T
0
E
[
u0,1(t,Θt)
∫
[JtK,t]\E
g′(Θs)Qs ds
]
dt
= −
∫ T
0
E
[
u0,1(t,Θt)
∫ t
JtK
g′(Θs)Qs ds
]
dt
= −
∫ T
0
E
[∫ t
JtK
u0,1(t,Θt)g
′(Θs)Qs ds
]
dt.
(3.202)
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This and Tonelli’s theorem assure that∣∣∣∣
∫ T
0
E
[
u0,1(t,Θt)
(
g(ΘJtK)− g(Θt)
)]
dt
∣∣∣∣
=
∣∣∣∣∣
∫ T
0
E
[∫ t
JtK
u0,1(t,Θt)g
′(Θs)Qs ds
]
dt
∣∣∣∣∣
≤
∫ T
0
E
[ ∫ t
JtK
|u0,1(t,Θt)g′(Θs)Qs| ds
]
dt
=
∫ T
0
∫ t
JtK
E
[|u0,1(t,Θt)g′(Θs)Qs|] ds dt
≤
∫ T
0
∫ t
JtK
E
[‖u0,1(t,Θt)‖L(Rd,R)‖g′(Θs)Qs‖Rd] ds dt.
(3.203)
Item (ii) in Lemma 3.3.9 hence implies that∣∣∣∣
∫ T
0
E
[
u0,1(t,Θt)
(
g(ΘJtK)− g(Θt)
)]
dt
∣∣∣∣
≤
∫ T
0
e−L(T−t)
∫ t
JtK
E
[‖ψ′(θΘtT−t)‖L(Rd,R)‖g′(Θs)Qs‖Rd] ds dt
≤
∫ T
0
e−L(T−t)(t− JtK) sup
s∈[0,T ]
E
[‖ψ′(θΘtT−t)‖L(Rd,R)‖g′(Θs)Qs‖Rd] dt.
(3.204)
Next note that the fundamental theorem of calculus for the Bochner integral (see,
e.g., [54, Lemma 2.1]) demonstrates that for all t ∈ [0, T ] it holds that
u0,1(t,Θt)− u0,1(t,ΘJtK)
=
∫ 1
0
(
( ∂
∂ϑ
u0,1)(t, λΘt + (1− λ)ΘJtK)
)
(Θt −ΘJtK) dλ.
(3.205)
This, (3.148), and (3.151) ensure that for all t ∈ [0, T ] it holds that
u0,1(t,Θt)− u0,1(t,ΘJtK) =
∫ 1
0
(
( ∂
∂ϑ
u0,1)(t, a
λ
t )
)
δt dλ. (3.206)
Moreover, observe that the chain rule, (3.149), and (3.150) assure that for all t ∈
[0, T ], ϑ, y, z ∈ Rd it holds that(
( ∂
∂ϑ
u0,1)(t, ϑ)
)
(y, z) =
(
( ∂
2
∂ϑ2
u)(t, ϑ)
)
(y, z) =
(
∂2
∂ϑ2
ψ(θϑT−t)
)
(y, z)
=
(
∂
∂ϑ
(ψ′(θϑT−t) θ
1,ϑ
T−ty)
)
(z)
= ψ′′(θϑT−t)(θ
1,ϑ
T−tz, θ
1,ϑ
T−ty) + ψ
′(θϑT−t)(θ
2,ϑ
T−t(z, y)).
(3.207)
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This and (3.206) imply that for all t ∈ [0, T ] it holds that
(u0,1(t,Θt)− u0,1(t,ΘJtK))∆t
=
∫ 1
0
ψ′′(θa
λ
t
T−t)(θ
1,aλt
T−t∆t, θ
1,aλt
T−tδt) + ψ
′(θa
λ
t
T−t)(θ
2,aλt
T−t(∆t, δt)) dλ.
(3.208)
Furthermore, note that (3.149) and Lemma 3.3.4 assure that for all t ∈ [0, T ], λ ∈
[0, 1] it holds that
∣∣ψ′′(θaλtT−t)(θ1,aλtT−t∆t, θ1,aλtT−tδt)∣∣ ≤ ∥∥ψ′′(θaλtT−t)∥∥L(2)(Rd,R)∥∥θ1,aλtT−t∆t∥∥Rd∥∥θ1,aλtT−tδt∥∥Rd
≤ ∥∥ψ′′(θaλtT−t)∥∥L(2)(Rd,R)∥∥θ1,aλtT−t∥∥2L(Rd,Rd)‖∆t‖Rd∥∥δt∥∥Rd
≤ e−2L(T−t)∥∥ψ′′(θaλtT−t)∥∥L(2)(Rd,R)‖∆t‖Rd‖δt‖Rd.
(3.209)
Next observe that Lemma 3.4.6 and (3.150) ensure that for all λ ∈ [0, 1], t ∈ [0, T ] it
holds that
∣∣ψ′(θaλtT−t)(θ2,aλtT−t(∆t, δt))∣∣
≤ ∥∥ψ′(θaλtT−t)∥∥L(Rd,R)∥∥θ2,aλtT−t(∆t, δt)∥∥Rd (3.210)
≤ ∥∥ψ′(θaλtT−t)∥∥L(Rd,R)∥∥θ2,aλtT−t∥∥L(2)(Rd,Rd)‖∆t‖Rd‖δt‖Rd
≤ e−L(T−t)∥∥ψ′(θaλtT−t)∥∥L(Rd,R)‖∆t‖Rd‖δt‖Rd
∫ T−t
0
e−Ls
∥∥g′′(θaλts )∥∥L(2)(Rd,Rd) ds.
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Combining this, (3.201), Jensen’s inequality, (3.208), and (3.209) demonstrates that
∣∣∣∣
∫ T
0
E[u0,1(t,Θt)∆t] dt
∣∣∣∣ =
∣∣∣∣
∫ T
0
E
[
(u0,1(t,Θt)− u0,1(t,ΘJtK))∆t
]
dt
∣∣∣∣
≤
∫ T
0
∣∣E[(u0,1(t,Θt)− u0,1(t,ΘJtK))∆t]∣∣ dt
≤
∫ T
0
E
[∣∣(u0,1(t,Θt)− u0,1(t,ΘJtK))∆t∣∣] dt
=
∫ T
0
E
[∣∣∣∣
∫ 1
0
ψ′′(θa
λ
t
T−t)(θ
1,aλt
T−t∆t, θ
1,aλt
T−tδt) + ψ
′(θa
λ
t
T−t)(θ
2,aλt
T−t(∆t, δt)) dλ
∣∣∣∣
]
dt (3.211)
≤
∫ T
0
E
[ ∫ 1
0
∣∣ψ′′(θaλtT−t)(θ1,aλtT−t∆t, θ1,aλtT−tδt)∣∣ + ∣∣ψ′(θaλtT−t)(θ2,aλtT−t(∆t, δt))∣∣ dλ
]
dt
≤
∫ T
0
E
[ ∫ 1
0
e−2L(T−t)
∥∥ψ′′(θaλtT−t)∥∥L(2)(Rd,R) ‖∆t‖Rd ‖δt‖Rd
+ e−L(T−t)
∥∥ψ′(θaλtT−t)∥∥L(Rd,R) ‖∆t‖Rd ‖δt‖Rd
∫ T−t
0
e−Ls
∥∥g′′(θaλts )∥∥L(2)(Rd,Rd) ds dλ
]
dt.
Next note that (3.4) and (3.141) assure that for all t ∈ [0, T ], ω ∈ Ω it holds that
‖δt(ω)‖Rd =
∥∥Θt(ω)−ΘJtK(ω)∥∥Rd
= (t− JtK)
∥∥∥∥ 1#γ(JtK)
∑
j∈γ(JtK)
G(ΘJtK(ω), Zj(ω))
∥∥∥∥
Rd
= (t− JtK) ‖Qt(ω)‖Rd .
(3.212)
Combining this and (3.211) proves that
∣∣∣∣
∫ T
0
E[u0,1(t,Θt)∆t] dt
∣∣∣∣
≤
∫ T
0
e−L(T−t)(t− JtK)E
[
‖∆t‖Rd ‖Qt‖Rd
(∫ 1
0
e−L(T−t)
∥∥ψ′′(θaλtT−t)∥∥L(2)(Rd,R)
+
∥∥ψ′(θaλtT−t)∥∥L(Rd,R)
∫ T−t
0
e−Ls
∥∥g′′(θaλts )∥∥L(2)(Rd,Rd) ds dλ
)]
dt.
(3.213)
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This, (3.197), and (3.204) imply that∣∣E[ψ(ΘT )]− ψ(θξT )∣∣
≤
∣∣∣∣
∫ T
0
E[u0,1(t,Θt)∆t] dt
∣∣∣∣+
∣∣∣∣
∫ T
0
E
[
u0,1(t,Θt)
(
g(ΘJtK)− g(Θt)
)]
dt
∣∣∣∣
≤
∫ T
0
e−L(T−t)(t− JtK)E
[
‖∆t‖Rd ‖Qt‖Rd
(∫ 1
0
e−L(T−t)
∥∥ψ′′(θaλtT−t)∥∥L(2)(Rd,R)
+
∥∥ψ′(θaλtT−t)∥∥L(Rd,R)
∫ T−t
0
e−Lu
∥∥g′′(θaλtu )∥∥L(2)(Rd,Rd) du dλ
)]
dt (3.214)
+
∫ T
0
e−L(T−t)(t− JtK) sup
v∈[0,T ]
E
[∥∥ψ′(θΘtT−t)∥∥L(Rd,R)∥∥g′(Θv)Qv∥∥Rd] dt
=
∫ T
0
e−L(T−t)(t− JtK)
(
E
[
‖∆t‖Rd ‖Qt‖Rd
(∫ 1
0
e−L(T−t)
∥∥ψ′′(θaλtT−t)∥∥L(2)(Rd,R)
+
∥∥ψ′(θaλtT−t)∥∥L(Rd,R)
∫ T−t
0
e−Lu
∥∥g′′(θaλtu )∥∥L(2)(Rd,Rd) du dλ
)]
+ sup
v∈[0,T ]
E
[∥∥ψ′(θΘtT−t)∥∥L(Rd,R)∥∥g′(Θv)Qv∥∥Rd]
)
dt.
Hence, we obtain that
|E[ψ(ΘT )]− ψ(θξT )| ≤
∫ T
0
e−L(T−t)(t− JtK)
· sup
s,v∈[0,T ]
E
[
‖∆s‖Rd ‖Qs‖Rd
(∫ 1
0
e−L(T−s)
∥∥ψ′′(θaλsT−s)∥∥L(2)(Rd,R)
+
∥∥ψ′(θaλsT−s)∥∥L(Rd,R)
∫ T−s
0
e−Lu
∥∥g′′(θaλsu )∥∥L(2)(Rd,Rd) du dλ
)
+
∥∥ψ′(θΘsT−s)∥∥L(Rd,R)∥∥g′(Θv)Qv∥∥Rd
]
dt
= sup
s,v∈[0,T ]
E
[
‖∆s‖Rd ‖Qs‖Rd
(∫ 1
0
e−L(T−s)
∥∥ψ′′(θaλsT−s)∥∥L(2)(Rd,R)
+
∥∥ψ′(θaλsT−s)∥∥L(Rd,R)
∫ T−s
0
e−Lu
∥∥g′′(θaλsu )∥∥L(2)(Rd,Rd) du dλ
)
+
∥∥ψ′(θΘsT−s)∥∥L(Rd,R)∥∥g′(Θv)Qv∥∥Rd
] ∫ T
0
e−L(T−t)(t− JtK) dt.
(3.215)
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Combining this, the triangle inequality, (3.151), and (3.172) proves that
|E[ψ(ΘT )]− ψ(Ξ)| ≤ |E[ψ(ΘT )]− ψ(θξT )|+ |ψ(θξT )− ψ(Ξ)|
≤ sup
s,v∈[0,T ]
E
[
‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd
(∫ 1
0
e−L(T−s)
∥∥ψ′′(θλΘs+(1−λ)ΘJsKT−s )∥∥L(2)(Rd,R)
+
∥∥ψ′(θλΘs+(1−λ)ΘJsKT−s )∥∥L(Rd,R)
∫ T−s
0
e−Lu
∥∥g′′(θλΘs+(1−λ)ΘJsKu )∥∥L(2)(Rd,Rd) du dλ
)
+
∥∥ψ′(θΘsT−s)∥∥L(Rd,R)∥∥g′(Θv)Qv∥∥Rd
] ∫ T
0
e−L(T−t)(t− JtK) dt
+ sup
{∥∥ψ′(λθξT + (1− λ)Ξ)∥∥L(Rd,R) ∈ R : λ ∈ [0, 1]
}∥∥ξ − Ξ∥∥
Rd
e−LT . (3.216)
This establishes item (iii). This completes the proof of Proposition 3.7.1.
3.8 Upper bounds for integrals of certain expo-
nentially decaying functions
Lemma 3.8.1. Assume Setting 3.1.1, let L ∈ [0,∞), let t : N → [0,∞) be non-
decreasing, and assume that
{t ∈ [0,∞) : γ(t) 6= ∅} = {tn : n ∈ N}. (3.217)
Then it holds for all k ∈ {2, 3, . . .} that
∫ tk
0
exp(−L(tk − t))(t− JtK) dt ≤ 1
2
k−1∑
n=1
exp(−L(tk − tn+1))(tn+1 − tn)2. (3.218)
Proof of Lemma 3.8.1. First, observe that the assumption that ∀ t ∈ [0,∞) : 0 <
#{s∈[0,t] : γ(s)6=∅} <∞ ensures that
γ(0) 6= ∅. (3.219)
This, (3.217), and the assumption that t : N→ [0,∞) is non-decreasing imply that
t1 = 0. (3.220)
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Hence, we obtain that for all k ∈ {2, 3, . . .} it holds that∫ tk
0
e−L(tk−t)(t− JtK) dt =
k−1∑
n=1
∫ tn+1
tn
e−L(tk−t)(t− JtK) dt
≤
k−1∑
n=1
e−L(tk−tn+1)
∫ tn+1
tn
(t− tn) dt
=
k−1∑
n=1
e−L(tk−tn+1)
[
1
2
(t− tn)2
]t=tn+1
t=tn
=
1
2
k−1∑
n=1
e−L(tk−tn+1)(tn+1 − tn)2.
(3.221)
The proof of Lemma 3.8.1 is thus completed.
Lemma 3.8.2. Let ν ∈ [0, 1). Then
(i) it holds for all l ∈ N that
l∑
n=1
1
nν
≥ 1
1− ν
(
(l + 1)1−ν − 1) (3.222)
and
(ii) it holds for all l ∈ N that
l∑
n=1
1
nν
≤ 1 + 1
1− ν
(
l1−ν − 1) = 1
1− ν
(
l1−ν − ν) . (3.223)
Proof of Lemma 3.8.2. First, observe that for all l ∈ N it holds that
l∑
n=1
1
nν
≥
l∑
n=1
∫ n+1
n
1
xν
dx =
l∑
n=1
[
1
1− ν x
1−ν
]x=n+1
x=n
=
1
1− ν
l∑
n=1
[
(n+ 1)1−ν − n1−ν] = 1
1− ν
(
(l + 1)1−ν − 1) . (3.224)
This proves item (i). Moreover, note that for all l ∈ {2, 3, . . .} it holds that
l∑
n=1
1
nν
= 1 +
l∑
n=2
1
nν
≤ 1 +
l∑
n=2
∫ n
n−1
1
xν
dx = 1 +
l∑
n=2
[
1
1− ν x
1−ν
]x=n
x=n−1
= 1 +
l∑
n=2
[
1
1− νn
1−ν − 1
1− ν (n− 1)
1−ν
]
= 1 +
1
1− ν
(
l1−ν − 1) = 1
1− ν
(
l1−ν − ν) .
(3.225)
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Next observe that
1∑
n=1
1
nν
= 1 =
1
1− ν
(
11−ν − ν) . (3.226)
This and (3.225) establish item (ii). The proof of Lemma 3.8.2 is thus completed.
Lemma 3.8.3. Assume Setting 3.1.1, let L ∈ [0,∞), η ∈ (0,∞), ν ∈ [0, 1), let
t : N→ [0,∞) satisfy for all m ∈ {2, 3, . . .} that t1 = 0 and
tm =
m−1∑
n=1
η
nν
, (3.227)
and assume that
{s ∈ [0,∞) : γ(s) 6= ∅} = {tm : m ∈ N}. (3.228)
Then it holds for all k ∈ {2, 3, . . .} that∫ tk
0
exp(−L(tk − t))(t− JtK) dt
≤ η
2 exp(Lη)
2
[
k−2∑
n=1
exp
(− Lη
1−ν (k
1−ν − n1−ν))
n2ν
]
+
η2(k − 1)−2ν
2
.
(3.229)
Proof of Lemma 3.8.3. Throughout this proof let k ∈ {2, 3, . . .}. Observe that
Lemma 3.8.2 implies that for all n ∈ {1, 2, . . . , k − 1} it holds that
tn+1 ≤ η + η
1− ν (n
1−ν − 1) and tk ≥ η
1− ν
(
k1−ν − 1) . (3.230)
Lemma 3.8.1 hence ensures that∫ tk
0
e−L(tk−t)(t− JtK) dt ≤ 1
2
k−1∑
n=1
e−L(tk−tn+1)(tn+1 − tn)2 (3.231)
≤ 1
2
[
k−2∑
n=1
exp
(−L ( η
1−ν (k
1−ν − 1)− (η + η
1−ν (n
1−ν − 1)))) η2
n2ν
]
+
η2
2(k − 1)2ν
=
η2eLη
2
[
k−2∑
n=1
exp
(−Lη
1−ν (k
1−ν − n1−ν))
n2ν
]
+
η2(k − 1)−2ν
2
.
This establishes (3.229). The proof of Lemma 3.8.3 is thus completed.
Lemma 3.8.4. Let c ∈ (0,∞), ε ∈ (0, 1/2), α = (2−2ε
cε
)1/ε
and let v : (0,∞) → R
satisfy for all x ∈ (0,∞) that
v(x) = x2ε−2 exp(cxε). (3.232)
Then v is non-increasing on (0, α] and non-decreasing on [α,∞).
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Proof of Lemma 3.8.4. First, observe that for all x ∈ (0,∞) it holds that
v′(x) = cεxε−1 exp(cxε)x2ε−2 + exp(cxε)(−2 + 2ε)x2ε−3
= cε exp(cxε)x3ε−3 − (2− 2ε) exp(cxε)x2ε−3
= exp(cxε)x2ε−3
[
cεxε − (2− 2ε)]. (3.233)
Hence, we obtain that
{x ∈ (0,∞) : v′(x) = 0} = {α}. (3.234)
Next note that for all x ∈ (0,∞) it holds that
v′′(x) = (cε)2xε−1 exp(cxε)x3ε−3 − cε exp(cxε)(3− 3ε)x3ε−4
− (2− 2ε)cεxε−1 exp(cxε)x2ε−3 + (2− 2ε) exp(cxε)(3− 2ε)x2ε−4
= (cε)2 exp(cxε)x4ε−4 − cε exp(cxε)(3− 3ε)x3ε−4
− (2− 2ε)cε exp(cxε)x3ε−4 + (2− 2ε)(3− 2ε) exp(cxε)x2ε−4
= (cε)2 exp(cxε)x4ε−4 − (5− 5ε)cε exp(cxε)x3ε−4
+ (2− 2ε)(3− 2ε) exp(cxε)x2ε−4
= cε exp(cxε)x2ε−4
(
cεx2ε − (5− 5ε)xε + (2−2ε)(3−2ε)
cε
)
.
(3.235)
This implies that
v′′(α) = cεecα
ε
α2ε−4
(
cεα2ε − (5− 5ε)αε + (2−2ε)(3−2ε)
cε
)
= cεecα
ε
α2ε−4
(
cε
(
2−2ε
cε
)2 − (5− 5ε) (2−2ε
cε
)
+ (2−2ε)(3−2ε)
cε
)
= ecα
ε
α2ε−4
(
(4− 8ε+ 4ε2)− (10− 20ε+ 10ε2) + (6− 10ε+ 4ε2))
= ecα
ε
α2ε−4(2ε− 2ε2) > 0.
(3.236)
Combining this with (3.234) shows that v is non-increasing on (0, α] and non-
decreasing on [α,∞). The proof of Lemma 3.8.4 is thus completed.
Lemma 3.8.5. Let a ∈ (0,∞), ε ∈ (0, 1/2). Then it holds for all l ∈ N that
l∑
n=1
n2ε−2 exp(anε) ≤ ea +
∫ l+1
1
x2ε−2 exp(axε) dx. (3.237)
Proof of Lemma 3.8.5. Throughout this proof let v : (0,∞) → R satisfy for all x ∈
(0,∞) that
v(x) = x2ε−2 exp(axε) (3.238)
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and let
N = max
{(
−∞, ∣∣2−2ε
aε
∣∣1/ε ] ∩ Z} . (3.239)
Note that for all l ∈ N it holds that
l∑
n=1
n2ε−2 exp(anε) =
l∑
n=1
v(n) ≤ v(1) +
min{N,l}∑
n=2
v(n) +
l∑
n=min{N,l}+1
v(n). (3.240)
Combining this and Lemma 3.8.4 assures that for all l ∈ N it holds that
l∑
n=1
n2ε−2 exp(anε)
≤ v(1) +
min{N,l}∑
n=2
∫ n
n−1
v(n) dx+
l∑
n=min{N,l}+1
∫ n+1
n
v(n) dx
≤ v(1) +
min{N,l}∑
n=2
∫ n
n−1
v(x) dx+
l∑
n=min{N,l}+1
∫ n+1
n
v(x) dx
= v(1) +
min{N,l}−1∑
n=1
∫ n+1
n
v(x) dx+
l∑
n=min{N,l}+1
∫ n+1
n
v(x) dx
≤ v(1) +
l∑
n=1
∫ n+1
n
v(x) dx = v(1) +
∫ l+1
1
v(x) dx.
(3.241)
This demonstrates (3.237). The proof of Lemma 3.8.5 is thus completed.
Lemma 3.8.6. Let n ∈ N, a ∈ [0,∞). Then it holds for all ε ∈ (0, 1/2), λ ∈ (0, 1]
that
∫ n
1
x2ε−2 exp(a(xε − nε)) dx ≤ 1
1− 2ε
(
exp(a(λεnε − nε)) + (λn)2ε−1). (3.242)
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Proof of Lemma 3.8.6. Observe that for all ε ∈ (0, 1/2), λ ∈ (0, 1] it holds that∫ n
1
x2ε−2 exp(a(xε − nε)) dx
=
∫ λn
1
x2ε−2 exp(a(xε − nε)) dx+
∫ n
λn
x2ε−2 exp(a(xε − nε)) dx
≤ exp(a(λεnε − nε))
∫ λn
1
x2ε−2 dx+
∫ n
λn
x2ε−2 dx
≤ exp(a(λεnε − nε))
∫ ∞
1
x2ε−2 dx+
[
1
2ε− 1x
2ε−1
]x=∞
x=λn
= exp(a(λεnε − nε)) 1
1− 2ε +
1
1− 2ε(λn)
2ε−1
=
1
1− 2ε
(
exp(a(λεnε − nε)) + (λn)2ε−1).
(3.243)
The proof of Lemma 3.8.6 is thus completed.
Lemma 3.8.7. Assume Setting 3.1.1, let L, η ∈ (0,∞), ε ∈ (0, 1/2), let K : (0, 1)→
(0,∞] satisfy for all λ ∈ (0, 1) that
K(λ) (3.244)
= sup
n∈N∩[2,∞)
[
η2 exp(Lη + Lη
ε
)
2(1− 2ε)
(
n1−2ε
[
2 exp
(− Lη
ε
(1− λε)nε)+ (n− 1)2ε−2]+ λ2ε−1)],
and assume that
{s ∈ [0,∞) : γ(s) 6= ∅} = {0} ∪
{
m∑
n=1
η
n1−ε
: m ∈ N
}
. (3.245)
Then it holds for all λ ∈ (0, 1), k ∈ N that
∫ ∑k−1
n=1
η
n1−ε
0
(t− JtK) exp(− L(∑k−1n=1 ηn1−ε )+ Lt) dt ≤ K(λ)k2ε−1 <∞. (3.246)
Proof of Lemma 3.8.7. Throughout this proof let λ ∈ (0, 1), k ∈ N ∩ [2,∞), let
a = Lη
ε
∈ (0,∞), let v : (0,∞)→ R satisfy for all x ∈ (0,∞) that
v(x) = x2ε−2 exp(axε), (3.247)
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let κ : N ∩ [2,∞)→ (0,∞) satisfy for all n ∈ N ∩ [2,∞) that
κ(n) =
η2eLη+a
2(1− 2ε)
(
n1−2ε
[
2e−a(1−λ
ε)nε + (n− 1)2ε−2]+ λ2ε−1), (3.248)
and let t : N→ [0,∞) satisfy for all n ∈ {2, 3, . . .} that t1 = 0 and
tn =
n−1∑
m=1
η
m1−ε
. (3.249)
Note that Lemma 3.8.3 implies that∫ tk
0
e−L(tk−t)(t− JtK) dt
≤
[
η2eLη
2
k−2∑
n=1
exp
(−Lη
ε
(kε − nε))
n2−2ε
]
+
η2(k − 1)2ε−2
2
=
[
η2eLη
2
k−2∑
n=1
n2ε−2 exp(a(nε − kε))
]
+
η2(k − 1)2ε−2
2
.
(3.250)
Next observe that Lemma 3.8.5 ensures that
k−2∑
n=1
n2ε−2 exp(a(nε − kε)) ≤ e−akε
(
ea +
∫ k−1
1
v(x) dx
)
. (3.251)
Combining this and (3.250) demonstrates that∫ tk
0
e−L(tk−t)(t− JtK) dt ≤ η
2eLη
2
e−ak
ε
(
ea +
∫ k−1
1
v(x) dx
)
+
η2(k − 1)2ε−2
2
≤ η
2eLη−ak
ε
2
(
ea +
∫ k
1
v(x) dx
)
+
η2(k − 1)2ε−2
2
.
(3.252)
Lemma 3.8.6 hence assures that∫ tk
0
e−L(tk−t)(t− JtK) dt
≤ η
2eLη−ak
ε+a
2
+
η2eLη
2
∫ k
1
x2ε−2 exp(a(xε − kε)) dx+ η
2(k − 1)2ε−2
2
≤ η
2eLη−ak
ε+a
2
+
η2eLη
2(1− 2ε)
(
exp(a(λεkε − kε)) + (λk)2ε−1)+ η2(k − 1)2ε−2
2
≤ η
2eLη+a
2(1− 2ε)
(
exp(−akε) + exp(−a(1− λε)kε) + (λk)2ε−1 + (k − 1)2ε−2
)
.
(3.253)
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Therefore, we obtain that∫ tk
0
e−L(tk−t)(t− JtK) dt
≤ η
2eLη+a
2(1− 2ε)
(
2 exp(−a(1− λε)kε) + (λk)2ε−1 + (k − 1)2ε−2
)
=
η2eLη+ak2ε−1
2(1− 2ε)
(
k1−2ε
[
2 exp(−a(1− λε)kε) + (k − 1)2ε−2
]
+ λ2ε−1
)
≤ K(λ)k2ε−1.
(3.254)
In addition, note that the fact that
lim sup
n→∞
(
n1−2ε exp(−a(1 − λε)nε) + n1−2ε(n− 1)2ε−2
)
= 0 (3.255)
ensures that
lim sup
n→∞
κ(n) =
η2eLη+aλ2ε−1
2(1− 2ε) <∞. (3.256)
Hence, we obtain that
sup
n∈N∩[2,∞)
κ(n) <∞. (3.257)
Combining this and (3.254) establishes (3.246). The proof of Lemma 3.8.7 is thus
completed.
3.9 Weak error estimates for SAAs in the case
of polynomially decaying learning rates with
mini-batches
Corollary 3.9.1. Assume Setting 3.1.1, assume for all v, w ∈ [0,∞) with v 6= w
that γ(v) ∩ γ(w) = ∅, let ψ ∈ C2(Rd,R), ε ∈ (0, 1/2), L, η ∈ (0,∞), assume for all
y, z ∈ Rd that
〈g(y)− g(z), y − z〉Rd ≤ −L‖y − z‖2Rd , (3.258)
sup
x∈Rd
(
E
[‖G(x, Z1)‖2Rd][
1 + ‖x‖Rd
]2 +
∥∥E[( ∂
∂x
G
)
(x, Z1)
]∥∥
L(Rd,Rd)[
1 + ‖x‖Rd
] + ‖ψ′(x)‖L(Rd,R)
)
<∞,
(3.259)
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and
{s ∈ [0,∞) : γ(s) 6= ∅} = {0} ∪
{
m∑
n=1
η
n1−ε
: m ∈ N
}
, (3.260)
let Q : [0,∞)×Ω→ Rd be the stochastic process which satisfies for all t ∈ [0,∞) that
Qt =
1
#γ(JtK)
∑
j∈γ(JtK)G(ΘJtK, Zj), (3.261)
let K : (0, 1)→ (0,∞] satisfy for all λ ∈ (0, 1) that
K(λ) (3.262)
= sup
n∈N∩[2,∞)
[
η2 exp(Lη + Lη
ε
)
2(1− 2ε)
(
n1−2ε
[
2 exp
(− Lη
ε
(1− λε)nε)+ (n− 1)2ε−2] + λ2ε−1)],
and let C : [0,∞)→ [0,∞] satisfy for all T ∈ [0,∞) that
C(T ) = sup
s,v∈[0,T ]
E
[
‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd
·
(∫ 1
0
exp(−L(T − s))‖ψ′′(θλΘs+(1−λ)ΘJsKT−s )‖L(2)(Rd,R) (3.263)
+ ‖ψ′(θλΘs+(1−λ)ΘJsKT−s )‖L(Rd,R)
∫ T−s
0
exp(−Lu)∥∥g′′(θλΘs+(1−λ)ΘJsKu )∥∥L(2)(Rd,Rd) du dλ
)
+ ‖ψ′(θΘsT−s)‖L(Rd,R)
∥∥g′(Θv)Qv∥∥Rd
]
(cf. item (i) in Lemma 3.4.3). Then
(i) it holds that there exists a unique Ξ ∈ Rd which satisfies that
lim sup
t→∞
‖θξt − Ξ‖Rd = 0 (3.264)
and
(ii) it holds for all λ ∈ (0, 1), k ∈ N that∣∣∣E[ψ(Θ∑k−1
n=1
η
n1−ε
)]− ψ(Ξ)
∣∣∣
≤ k2ε−1
[
K(λ)C
(∑k−1
n=1
η
n1−ε
)
+ k1−2ε exp
(− L(∑k−1n=1 ηn1−ε ))
· sup
α∈[0,1]
(
‖ψ′(αθξ∑k−1
n=1
η
n1−ε
+ (1− α)Ξ)‖L(Rd,R)
)
‖ξ − Ξ‖Rd
]
.
(3.265)
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Proof of Corollary 3.9.1. First, observe that item (ii) in Proposition 3.7.1 implies
that there exists a unique Ξ ∈ Rd which satisfies that
lim sup
t→∞
‖θξt − Ξ‖Rd = 0. (3.266)
This establishes item (i). Next note that item (iii) in Proposition 3.7.1 and Lemma 3.3.7
demonstrate that for all T ∈ [0,∞) it holds that
∣∣E[ψ(ΘT )]− ψ(Ξ)∣∣ ≤ sup
s,v∈[0,T ]
E
[
‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd
·
(∫ 1
0
e−L(T−s)
∥∥ψ′′(θλΘs+(1−λ)ΘJsKT−s )∥∥L(2)(Rd,R) + ∥∥ψ′(θλΘs+(1−λ)ΘJsKT−s )∥∥L(Rd,R)
·
∫ T−s
0
e−Lu
∥∥g′′(θλΘs+(1−λ)ΘJsKu )∥∥L(2)(Rd,Rd) du dλ
)
(3.267)
+
∥∥ψ′(θΘsT−s)∥∥L(Rd,R)∥∥g′(Θv)Qv∥∥Rd
] ∫ T
0
e−L(T−t)(t− JtK) dt
+ sup
{∥∥ψ′(αθξT + (1− α)Ξ)∥∥L(Rd,R) ∈ R : α ∈ [0, 1]}‖ξ − Ξ‖Rde−LT .
This and (3.263) imply that for all T ∈ [0,∞) it holds that
∣∣E[ψ(ΘT )]− ψ(Ξ)∣∣ ≤ C(T )
∫ T
0
e−L(T−t)(t− JtK) dt
+ sup
α∈[0,1]
(∥∥ψ′(αθξT + (1− α)Ξ)∥∥L(Rd,R)
)
‖ξ − Ξ‖Rde−LT .
(3.268)
Lemma 3.8.7 therefore ensures that for all λ ∈ (0, 1), k ∈ N it holds that∣∣∣E[ψ(Θ∑k−1
n=1
η
n1−ε
)]− ψ(Ξ)
∣∣∣ ≤ C(∑k−1n=1 ηn1−ε )K(λ)k2ε−1
+ sup
α∈[0,1]
(
‖ψ′(αθξ∑k−1
n=1
η
n1−ε
+ (1− α)Ξ)‖L(Rd,R)
)
‖ξ − Ξ‖Rde−L(
∑k−1
n=1
η
n1−ε
)
= k2ε−1
[
K(λ)C
(∑k−1
n=1
η
n1−ε
)
+ k1−2εe−L(
∑k−1
n=1
η
n1−ε
)
· sup
α∈[0,1]
(
‖ψ′(αθξ∑k−1
n=1
η
n1−ε
+ (1− α)Ξ)‖L(Rd,R)
)
‖ξ − Ξ‖Rd
]
.
(3.269)
This establishes item (ii). The proof of Corollary 3.9.1 is thus completed.
Chapter 4
Weak error estimates for SAAs in
the case of polynomially decaying
learning rates
In this chapter we specialize the weak error analysis for SAAs in the case of general
learning rates from Chapter 3 to accomplish weak error estimates for SAAs in the
case of polynomially decaying learning rates. In particular, we present and prove in
this chapter the main result of this paper, Theorem 4.6.2 in Section 4.6 below, which
establishes weak convergence rates for SAAs in the case of polynomially decaying
learning rates with mini-batches. In Section 4.7 we apply Theorem 4.6.2 to establish
in Corollary 4.7.1 in Section 4.7 below weak convergence rates for SAAs in the case
of polynomially decaying learning rates without mini-batches. In Section 4.8 below
we illustrate Corollary 4.7.1 by means of an elementary example. Our proof of
Theorem 4.6.2 employs the weak error analysis result in Corollary 3.9.1 in Section 3.9
above, the elementary results on suitable sequences of uniformly bounded functions
in Section 4.2 below, the elementary result on differentiable functions with bounded
derivatives in Lemma 4.5.4 in Section 4.5 below, and the a priori estimates for suitable
approximation error constants associated to SAAs in Lemma 4.5.5 in Section 4.5
below. Our proof of Lemma 4.5.5, in turn, uses the result on the possibility of
interchanging derivatives and expectations in Lemma 3.2.2 in Section 3.2 above, the
a priori estimates for SAAs in the case of general learning rates in Lemma 3.6.3 in
Section 3.6 above, the a priori estimates for SAAs in the case of polynomially decaying
learning rates in Section 4.3 below, and the a posteriori estimates for conditional
variances associated to SAAs in Lemma 4.4.2 in Section 4.4 below. In the scientific
literature a posteriori estimates similar to the ones as in Lemma 4.4.2 can, e.g., be
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found in [53, (3) in Theorem 1.1, (169) in Corollary 3.5, and (217) in Theorem 3.7]).
Our proof of Lemma 4.4.2, in turn, employs the elementary growth bound estimates
in Lemma 4.4.1 in Section 4.4 below. In the scientific literature similar results to
Lemma 4.4.1 can, e.g., be found in Dereich & Mu¨ller-Gronbach [34, Remark 2.1]. In
Setting 4.1.1 in Section 4.1 below we present a mathematical framework for describing
SAAs in the case of polynomially decaying learning rates. In the results of this
chapter we frequently employ Setting 4.1.1.
4.1 Mathematical description for SAAs in the case
of polynomially decaying learning rates
Setting 4.1.1. Let d ∈ N, ξ, Ξ ∈ Rd, ε ∈ (0, 1/2), η, L ∈ (0,∞), (Mn)n∈N0 ⊆ N, let
(S,S) be a measurable space, let (Ω,F ,P) be a probability space, let Zm,n : Ω → S,
(m,n) ∈ N2, be i.i.d. random variables, let t : N0 → [0,∞) satisfy for all m ∈ N0 that
tm = η[
∑m
n=1 n
ε−1], let G = (G(x, s))(x,s)∈Rd×S : Rd×S → Rd be (B(Rd)⊗S)/B(Rd)-
measurable, let g : Rd → Rd be a function, assume for all s ∈ S that (Rd ∋ x 7→
G(x, s) ∈ Rd) ∈ C2(Rd,Rd), assume for all x, y ∈ Rd that
max
i∈{1,2}
inf
δ∈(0,∞)
sup
u∈[−δ,δ]d
E
[
‖G(x, Z1,1)‖Rd + ‖( ∂i∂xiG)(x+ u, Z1,1)‖1+δL(i)(Rd,Rd)
]
<∞, (4.1)
〈x− Ξ, g(x)〉Rd ≤ −L‖g(x)‖2Rd , 〈x− y, g(x)− g(y)〉Rd ≤ −L‖x− y‖2Rd, (4.2)
and g(x) = E[G(x, Z1,1)] (cf. Corollary 2.2.5), let θ
ϑ ∈ C([0,∞),Rd), ϑ ∈ Rd, satisfy
for all t ∈ [0,∞), ϑ ∈ Rd that
θϑt = ϑ+
∫ t
0
g(θϑs ) ds (4.3)
(cf. item (i) in Lemma 2.2.6), and let Θ: [0,∞)× Ω→ Rd be the stochastic process
with continuous sample paths which satisfies for all m ∈ N0, t ∈ [tm, tm+1) that
Θ0 = ξ and
Θt = Θtm +
(t− tm)
Mm
[
Mm∑
n=1
G(Θtm, Zm+1,n)
]
. (4.4)
4.2 On a sequence of uniformly bounded functions
Lemma 4.2.1. Let d1, d2, d3 ∈ N, f ∈ C(Rd1 × Rd2 ,Rd3) and let K ⊆ Rd2 be a
non-empty compact set. Then
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(i) it holds for all x ∈ Rd1 that supy∈K ‖f(x, y)‖Rd3 <∞ and
(ii) it holds that Rd1 ∋ x 7→ supy∈K ‖f(x, y)‖Rd3 ∈ R is continuous.
Proof of Lemma 4.2.1. Throughout this proof let g : Rd1 → R ∪ {∞} satisfy for all
x ∈ Rd1 that
g(x) = sup
y∈K
‖f(x, y)‖Rd3 , (4.5)
let x = (xn)n∈N0 : N0 → Rd1 satisfy that
lim sup
n→∞
‖xn − x0‖Rd1 = 0, (4.6)
and let k : N→ N be strictly increasing. Note that the assumption that f is contin-
uous ensures that for all z ∈ Rd1 it holds that(
Rd2 ∋ y 7→ f(z, y) ∈ Rd3) ∈ C(Rd2 ,Rd3). (4.7)
Lemma 2.2.2 and the assumption that K is a non-empty compact set hence establish
item (i). Next observe that (4.7) and the assumption that K is a non-empty compact
set assure that there exists y = (yn)n∈N0 : N0 → K which satisfies for all n ∈ N that
g(x0) = ‖f(x0, y0)‖Rd3 (4.8)
and
g(xk(n)) = ‖f(xk(n), yn)‖Rd3 (4.9)
(see, e.g., Coleman [25, Theorem 1.3]). Furthermore, observe that the assumption
that K is a non-empty compact set and the Bolzano-Weierstrass theorem demon-
strate that there exist y ∈ K and strictly increasing l : N → N which satisfy that
lim sup
n→∞
‖yl(n) − y‖Rd2 = 0. (4.10)
This and (4.6) imply that (xk(l(n)), yl(n)) ∈ Rd1 ×Rd2 , n ∈ N, is a convergent sequence
in Rd1 × Rd2 . The assumption that f is continuous, (4.6), and (4.9) hence assure
that g(xk(l(n))) ∈ R, n ∈ N, is a convergent sequence in R and
lim
n→∞
g(xk(l(n))) = lim
n→∞
‖f(xk(l(n)), yl(n))‖Rd3 = ‖f(x0,y)‖Rd3 . (4.11)
This and (4.5) prove that
lim
n→∞
g(xk(l(n))) = ‖f(x0,y)‖Rd3 ≤ g(x0). (4.12)
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Moreover, note that (4.8), (4.6), the assumption that f is continuous, and (4.5) imply
that
g(x0) = ‖f(x0, y0)‖Rd3
=
∥∥f( lim
n→∞
xk(l(n)), y0
)∥∥
Rd3
=
∥∥ lim
n→∞
f(xk(l(n)), y0)
∥∥
Rd3
= lim
n→∞
‖f(xk(l(n)), y0)‖Rd3
≤ lim
n→∞
g(xk(l(n))).
(4.13)
Combining this and (4.12) assures that
lim sup
n→∞
|g(xk(l(n)))− g(x0)| = 0. (4.14)
This and, e.g., [54, Lemma 3.2] prove that the sequence g(xn) ∈ R, n ∈ N, converges
to g(x0). Hence, we obtain that g is continuous at x0. This establishes item (ii). The
proof of Lemma 4.2.1 is thus completed.
Lemma 4.2.2. Assume Setting 4.1.1 and let ψ ∈ C2(Rd,R). Then
(i) it holds that lim supt→∞ ‖θξt − Ξ‖Rd = 0 and
(ii) it holds that
sup
n∈N
sup
λ∈[0,1]
(
n1−2ε exp(−Ltn−1)‖ψ′(λθξtn−1 + (1− λ)Ξ)‖L(Rd,R)
)
<∞. (4.15)
Proof of Lemma 4.2.2. First, note that (4.2) assures that
{x ∈ Rd : g(x) = 0} = {Ξ}. (4.16)
This and item (iv) in Lemma 3.3.6 establish item (i). In the next step observe that
item (i) in Lemma 3.8.2 assures that for all k ∈ {2, 3, . . .} it holds that
tk−1 =
k−1∑
n=1
η
n1−ε
≥ η
ε
(
kε − 1). (4.17)
This implies that for all k ∈ {2, 3, . . .} it holds that
k1−2εe−Ltk−1 ≤ k1−2εe−Lηε (kε−1) = k1−2εe−Lηε kεeLηε = (kε) 1−2εε e−Lηε kεeLηε . (4.18)
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Hence, we obtain that
lim sup
k→∞
k1−2εe−Ltk−1 = 0. (4.19)
Moreover, note that for all t ∈ [0,∞) it holds that
sup
λ∈[0,1]
‖ψ′(λθξt + (1− λ)Ξ)‖L(Rd,R) = sup
λ∈[0,1]
‖∇ψ(λθξt + (1− λ)Ξ)‖Rd. (4.20)
In the next step we combine item (i) and the fact that lim infk→∞ tk =∞ to obtain
that
lim sup
k→∞
‖θξtk − Ξ‖Rd = 0. (4.21)
Furthermore, observe that Lemma 4.2.1 and the fact that ∇ψ is continuous assure
that for all x ∈ Rd it holds that
sup
λ∈[0,1]
‖∇ψ(λx+ (1− λ)Ξ)‖Rd <∞ (4.22)
and (
Rd ∋ y 7→ sup
λ∈[0,1]
‖∇ψ(λy + (1− λ)Ξ)‖Rd ∈ R
)
∈ C(Rd,R). (4.23)
This and (4.21) prove that the sequence(
supλ∈[0,1] ‖∇ψ(λθξtk−1 + (1− λ)Ξ)‖Rd
)
k∈N
(4.24)
is convergent in R and
lim sup
k→∞
sup
λ∈[0,1]
‖∇ψ(λθξtk−1 + (1− λ)Ξ)‖Rd = sup
λ∈[0,1]
‖∇ψ(λΞ+ (1− λ)Ξ)‖Rd
= ‖∇ψ(Ξ)‖Rd.
(4.25)
This, (4.20), and (4.19) establish (4.15). The proof of Lemma 4.2.2 is thus completed.
4.3 A priori estimates for SAAs in the case of
polynomially decaying learning rates
Lemma 4.3.1. Assume Setting 4.1.1 and let Gt ⊆ F , t ∈ [0,∞), satisfy for all
t ∈ (0,∞) that
G0 = {∅,Ω} and Gt = σΩ(Zm+1,n : (m,n) ∈ N0 × N, n ≤Mm, tm < t).
(4.26)
Then it holds for all t ∈ [0,∞) that Θt is Gt/B(Rd)-measurable.
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Proof of Lemma 4.3.1. First, observe that (4.4) ensures that for all m ∈ N0, t ∈
(tm, tm+1) it holds that
Θt = ξ +
[
m−1∑
n=0
(tn+1 − tn)
Mn
Mn∑
j=1
G(Θtn , Zn+1,j)
]
+
(t− tm)
Mm
Mm∑
n=1
G(Θtm , Zm+1,n).
(4.27)
Next we claim that for all m ∈ N0, t ∈ (tm, tm+1] it holds that Θt is Gt/B(Rd)-
measurable. We prove this by induction on m ∈ N0. For the base case m = 0 note
that (4.26) assures that for all t ∈ (t0, t1] it holds that
Gt = σΩ(Z1,n : n ∈ {1, 2, . . . ,M0}). (4.28)
Furthermore, observe that (4.27) and the assumption that Θ: [0,∞)× Ω→ Rd is a
stochastic process with continuous sample paths prove that for all t ∈ (t0, t1] it holds
that
Θt = ξ +
t
M0
M0∑
n=1
G(ξ, Z1,n). (4.29)
This and (4.28) prove that for all t ∈ (t0, t1] it holds that Θt is Gt/B(Rd)-measurable.
For the induction step N0 ∋ m→ m+1 ∈ N0 observe that (4.26) assures that for all
t ∈ (tm+1, tm+2] it holds that
Gt = σΩ(Zk+1,n : (k, n) ∈ N0 × N, n ≤Mk, k ≤ m+ 1). (4.30)
Moreover, note that (4.27) and the assumption that Θ: [0,∞)×Ω→ Rd is a stochas-
tic process with continuous sample paths demonstrate that for all t ∈ (tm+1, tm+2] it
holds that
Θt = ξ +
[
m∑
n=0
(tn+1 − tn)
Mn
Mn∑
j=1
G(Θtn, Zn+1,j)
]
+
(t− tm+1)
Mm+1
Mm+1∑
n=1
G(Θtm+1 , Zm+2,n).
(4.31)
The induction hypothesis and (4.30) hence imply that for all t ∈ (tm+1, tm+2] it
holds that Θt is Gt/B(Rd)-measurable. This finishes the proof of the induction step.
Induction therefore establishes that for all m ∈ N0, t ∈ (tm, tm+1] it holds that Θt is
Gt/B(Rd)-measurable. Combining this with the fact that Θ0 is G0/B(Rd)-measurable
ensures that for all t ∈ [0,∞) it holds that Θt is Gt/B(Rd)-measurable. The proof
of Lemma 4.3.1 is thus completed.
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Lemma 4.3.2. Assume Setting 4.1.1, let Fn ⊆ F , n ∈ N0, be the sigma-algebras
which satisfy for all n ∈ N that
F0 = {∅,Ω} and Fn = σΩ(Zm+1,j : (m, j) ∈ N0 × N, j ≤Mm, m ≤ n− 1),
(4.32)
and assume for all n ∈ N0, j ∈ {1, 2, . . . ,Mn} that
E
[‖G(Θtn, Zn+1,j)‖Rd] <∞. (4.33)
Then it holds for all n ∈ N0, A ∈ Fn that
E
[
1
Mn
∑Mn
j=1(G(Θtn, Zn+1,j)− g(Θtn))1A
]
= 0. (4.34)
Proof of Lemma 4.3.2. Throughout this proof let D : N0×Ω→ Rd be the stochastic
process which satisfies for all n ∈ N0 that
Dn =
1
Mn
Mn∑
j=1
(G(Θtn , Zn+1,j)− g(Θtn)) (4.35)
and let Y : N0×Ω→ Rd be the stochastic process which satisfies for all n ∈ N0 that
Yn = Θtn. (4.36)
Observe that the assumption that Zm,j , (m, j) ∈ N2, are i.i.d. random variables and
(4.32) ensure that for all n ∈ N0, j ∈ {1, 2, . . . ,Mn} it holds that
Zn+1,j is independent of Fn. (4.37)
Moreover, note that Lemma 4.3.1 proves that Y is an (Fn)n∈N0/B(Rd)-adapted
stochastic process. This, (4.37), the fact that ∀ x ∈ Rd, (n, j) ∈ N2 : E[‖G(x, Zn,j)‖Rd] <
∞, the fact that ∀ x ∈ Rd, (n, j) ∈ N2 : g(x) = E[G(x, Zn,j)], (4.33), and, e.g., [53,
Corollary 2.9] establish that for all n ∈ N0, j ∈ {1, 2, . . . ,Mn}, A ∈ Fn it holds that
E[G(Yn, Zn+1,j)1A] = E[g(Yn)1A]. (4.38)
Hence, we obtain that for all n ∈ N0, A ∈ Fn it holds that
E[Dn1A] =
1
Mn
Mn∑
j=1
E
[(
G(Θtn, Zn+1,j)− g(Θtn)
)
1A
]
=
1
Mn
Mn∑
j=1
(
E[G(Θtn , Zn+1,j)1A]− E[g(Θtn)1A]
)
=
1
Mn
Mn∑
j=1
(
E[G(Yn, Zn+1,j)1A]− E[g(Yn)1A]
)
= 0.
(4.39)
The proof of Lemma 4.3.2 is thus completed.
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Proposition 4.3.3. Let d ∈ N, c, κ ∈ (0,∞), Ξ ∈ Rd, let γ = (γn)n∈N0 : N0 → (0,∞)
be a function, let g : Rd → Rd be B(Rd)/B(Rd)-measurable, let (Ω,F ,P, (Fn)n∈N0)
be a filtered probability space, let Θ: N0 × Ω → Rd be an (Fn)n∈N0/B(Rd)-adapted
stochastic process, and assume for all x ∈ Rd, n ∈ N, A ∈ Fn−1 that
E
[‖Θ0‖2Rd + ‖Θn − (Θn−1 + γng(Θn−1))‖2Rd] <∞, (4.40)
E
[(
Θn − (Θn−1 + γng(Θn−1))
)
1A
]
= 0, (4.41)
〈x− Ξ, g(x)〉Rd ≤ −cmax
{‖x− Ξ‖2Rd, ‖g(x)‖2Rd}, (4.42)
E
[‖Θn − (Θn−1 + γng(Θn−1))‖2Rd] ≤ (γn)2κ(1 + E[‖Θn−1 − Ξ‖2Rd]), (4.43)
and
lim sup
k→∞
γk = 0 < lim inf
k→∞
[
γk−γk−1
(γk)2
+
cγk−1
2γk
]
. (4.44)
Then there exists C ∈ (0,∞) such that for all n ∈ N0 it holds that
E
[‖Θn − Ξ‖2Rd] ≤ Cγn (4.45)
and
sup
m∈N0
E
[‖Θm − Ξ‖2Rd] <∞. (4.46)
Proof of Proposition 4.3.3. First, note that [53, Corollary 3.5] (with d = d, (γn)n∈N0
= (γn)n∈N0 , g = g, (Ω,F ,P, (Fn)n∈N0) = (Ω,F ,P, (Fn)n∈N0),Dk = [Θk−(Θk−1+γkg(Θk−1))]/γk,
Θ = Θ, 〈·, ·〉 = 〈·, ·〉Rd, c = c, κ = κ, ϑ = Ξ for k ∈ N in the notation of [53, Corol-
lary 3.5]) implies that there exists C ∈ (0,∞) such that for all n ∈ N0 it holds that
E
[‖Θn − Ξ‖2Rd] ≤ Cγn. (4.47)
The assumption that lim supn→∞ γn = 0 hence ensures that
sup
m∈N0
E
[‖Θm − Ξ‖2Rd] <∞. (4.48)
Combining this with (4.47) completes the proof of Proposition 4.3.3.
Lemma 4.3.4. It holds for all ε ∈ (−∞, 1) that
lim sup
n→∞
|nε − (n− 1)ε| = 0. (4.49)
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Proof of Lemma 4.3.4. First, observe that for all ε ∈ (−∞, 0) it holds that
lim sup
n→∞
nε = 0. (4.50)
Hence, we obtain that for all ε ∈ (−∞, 0) it holds that
lim sup
n→∞
|nε − (n− 1)ε| = 0. (4.51)
Next note that for all ε ∈ [0, 1), n ∈ N ∩ [2,∞) it holds that
0 ≤ |nε − (n− 1)ε| = nε − (n− 1)ε = n
1−ε(nε − (n− 1)ε)
n1−ε
=
n− n1−ε(n− 1)ε
n1−ε
≤ n− (n− 1)
n1−ε
=
1
n1−ε
= nε−1.
(4.52)
This and (4.50) imply that for all ε ∈ [0, 1) it holds that
lim sup
n→∞
|nε − (n− 1)ε| = 0. (4.53)
Combining this and (4.51) establishes (4.49). The proof of Lemma 4.3.4 is thus
completed.
Corollary 4.3.5. Assume Setting 4.1.1, let κ ∈ (0,∞), and assume for all n ∈ N,
m ∈ N0, j ∈ {1, 2, . . . ,Mm} that
E
[‖Θtn − (Θtn−1 + (tn − tn−1)g(Θtn−1))‖2Rd + ‖G(Θtm , Zm+1,j)‖Rd] <∞ (4.54)
and
E
[‖Θtn − (Θtn−1 + (tn − tn−1)g(Θtn−1))‖2Rd] ≤ (tn − tn−1)2κ(1 + E[‖Θtn−1 − Ξ‖2Rd]).
(4.55)
Then it holds that
sup
n∈N0
E
[‖Θtn − Ξ‖2Rd] <∞. (4.56)
Proof of Corollary 4.3.5. Throughout this proof let α = (αn)n∈N0 : N0 → (0,∞) sat-
isfy for all n ∈ N that
αn = tn − tn−1 = η
n1−ε
, (4.57)
let Fn ⊆ F , n ∈ N0, be the sigma-algebras which satisfy for all n ∈ N that
F0 = {∅,Ω} and Fn = σΩ(Zm+1,j : (m, j) ∈ N0 × N, j ≤Mm, m ≤ n− 1),
(4.58)
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and let Y : N0×Ω→ Rd be the stochastic process which satisfies for all n ∈ N0 that
Yn = Θtn. (4.59)
Note that Lemma 4.3.1 ensures that Y is an (Fn)n∈N0/B(Rd)-adapted stochastic
process. Next observe that (4.54), (4.57), and (4.59) imply that for all n ∈ N it holds
that
E
[‖Yn − (Yn−1 + αng(Yn−1))‖2Rd]
= E
[‖Θtn − (Θtn−1 + (tn − tn−1)g(Θtn−1))‖2Rd] <∞. (4.60)
Moreover, note that combining Lemma 4.3.2 and (4.54) assures that for all n ∈ N,
A ∈ Fn−1 it holds that
E
[(
Yn − (Yn−1 + αng(Yn−1))
)
1A
]
= αn E
[
1
Mn−1
∑Mn−1
j=1
(
G(Θtn−1 , Zn,j)− g(Θtn−1)
)
1A
]
= 0.
(4.61)
Next observe that (4.2) ensures that g(Ξ) = 0. This and (4.2) establish that for all
x ∈ Rd it holds that
〈x− Ξ, g(x)〉Rd = 〈x− Ξ, g(x)− g(Ξ)〉Rd ≤ −L‖x− Ξ‖2Rd. (4.62)
Combining this with (4.2) implies that for all x ∈ Rd it holds that
〈x− Ξ, g(x)〉Rd ≤ −Lmax
{‖x− Ξ‖2Rd, ‖g(x)‖2Rd}. (4.63)
Next note that (4.57) assures that for all n ∈ N ∩ [2,∞) it holds that
αn − αn−1
(αn)2
+
Lαn−1
2αn
=
η
n1−ε
− η
(n−1)1−ε(
η
n1−ε
)2 +
Lη
2(n−1)1−ε
η
n1−ε
=
n1−ε
[
(n− 1)1−ε − n1−ε]
η(n− 1)1−ε +
Ln1−ε
2(n− 1)1−ε
= 1
η
[
1 + 1
n−1
]1−ε [
(n− 1)1−ε − n1−ε]+ L
2
[
1 + 1
n−1
]1−ε
.
(4.64)
Lemma 4.3.4 (with ε = (1 − ε) ∈ (−∞, 1) in the notation of Lemma 4.3.4) hence
ensures that
lim inf
n→∞
[
αn − αn−1
(αn)2
+
Lαn−1
2αn
]
=
L
2
> 0 = lim sup
n→∞
αn. (4.65)
Combining this, (4.60), (4.61), (4.63), and Proposition 4.3.3 (with d = d, γn = αn,
c = L, κ = κ, Ξ = Ξ, g = g, (Ω,F ,P, (Fk)k∈N0) = (Ω,F ,P, (Fk)k∈N0), Θn = Yn
for n ∈ N0 in the notation of Proposition 4.3.3) establishes (4.56). The proof of
Corollary 4.3.5 is thus completed.
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4.4 A posteriori estimates for conditional variances
associated to SAAs
Lemma 4.4.1. Let d ∈ N, Ξ ∈ Rd, M,L ∈ (0,∞) and let f : Rd → Rd satisfy for
all x ∈ Rd that
〈x− Ξ, f(x)〉Rd ≤ −max{L‖x− Ξ‖2Rd ,M‖f(x)‖2Rd}. (4.66)
Then it holds for all x ∈ Rd that
L‖x‖Rd − L‖Ξ‖Rd ≤ L‖x− Ξ‖Rd ≤ ‖f(x)‖Rd
≤ 1
M
‖x− Ξ‖Rd ≤ max{1,‖Ξ‖Rd}M (1 + ‖x‖Rd).
(4.67)
Proof of Lemma 4.4.1. First, note that (4.66) assures that for all x ∈ Rd\{Ξ} it
holds that
f(x) 6= 0 (4.68)
and
f(Ξ) = 0. (4.69)
Furthermore, observe that (4.66) and the Cauchy-Schwartz inequality imply that for
all x ∈ Rd it holds that
‖f(x)‖2Rd ≤ − 1M 〈x− Ξ, f(x)〉Rd ≤ 1M ‖x− Ξ‖Rd‖f(x)‖Rd. (4.70)
This, (4.68), (4.69), and the triangle inequality ensure that for all x ∈ Rd it holds
that
‖f(x)‖Rd ≤ 1M ‖x− Ξ‖Rd ≤ 1M (‖x‖Rd + ‖Ξ‖Rd) ≤
max{1,‖Ξ‖
Rd
}
M
(1 + ‖x‖Rd). (4.71)
Moreover, note that (4.66) and the Cauchy-Schwartz inequality demonstrate that for
all x ∈ Rd it holds that
‖x− Ξ‖2Rd ≤ − 1L〈x− Ξ, f(x)〉Rd ≤ 1L‖x− Ξ‖Rd‖f(x)‖Rd. (4.72)
Hence, we obtain that for all x ∈ Rd it holds that
L‖x− Ξ‖Rd ≤ ‖f(x)‖Rd. (4.73)
This, (4.71), and the triangle inequality establish (4.67). The proof of Lemma 4.4.1
is thus completed.
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Lemma 4.4.2. Assume Setting 4.1.1 and assume that
sup
x∈Rd
(
E
[‖G(x, Z1,1)‖2Rd][
1 + ‖x‖Rd
]2
)
<∞. (4.74)
Then there exists κ ∈ (0,∞) such that for all n ∈ N it holds that
E
[‖Θtn − (Θtn−1 + (tn − tn−1)g(Θtn−1))‖2Rd]
≤ (tn − tn−1)2κ(1 + E
[‖Θtn−1 − Ξ‖2Rd]) <∞. (4.75)
Proof of Lemma 4.4.2. First, note that (4.2) ensures that g(Ξ) = 0. This and (4.2)
establish that for all x ∈ Rd it holds that
〈x− Ξ, g(x)〉Rd ≤ −max{L‖x− Ξ‖2Rd, L‖g(x)‖2Rd}. (4.76)
Lemma 4.4.1 hence assures that for all x ∈ Rd it holds that
‖g(x)‖Rd ≤ max{1,‖Ξ‖Rd}L (1 + ‖x‖Rd). (4.77)
Next observe that (4.74) and the fact that ∀ a, b ∈ R : (a + b)2 ≤ 2|a|2 + 2|b|2 imply
that
sup
x∈Rd
(
E
[‖G(x, Z1,1)‖2Rd]
1 + ‖x‖2
Rd
)
<∞. (4.78)
This and (4.77) demonstrate that there exists c ∈ (0,∞) which satisfies for all x ∈ Rd
that
‖g(x)‖Rd ≤ c(1 + ‖x‖Rd) and E
[‖G(x, Z1,1)‖2Rd] ≤ c(1 + ‖x‖2Rd). (4.79)
Moreover, note that (4.4) and the fact that ∀ x, y ∈ Rd : ‖x+y‖2
Rd
≤ 2‖x‖2
Rd
+2‖y‖2
Rd
ensure that for all n ∈ N it holds that
E
[‖Θtn − (Θtn−1 + (tn − tn−1)g(Θtn−1))‖2Rd]
= (tn − tn−1)2 E
[∥∥ 1
Mn−1
[∑Mn−1
j=1 G(Θtn−1 , Zn,j)
]− g(Θtn−1)∥∥2Rd]
≤ 2(tn − tn−1)2 E
[∥∥ 1
Mn−1
∑Mn−1
j=1 G(Θtn−1 , Zn,j)
∥∥2
Rd
]
+ 2(tn − tn−1)2 E
[‖g(Θtn−1)‖2Rd].
(4.80)
This, (4.79), and Lemma 3.6.2 assure that for all n ∈ N it holds that
E
[‖Θtn − (Θtn−1 + (tn − tn−1)g(Θtn−1))‖2Rd]
≤ 2(tn − tn−1)2
(
c
(
1 + E
[‖Θtn−1‖2Rd])+ E[(c(1 + ‖Θtn−1‖Rd))2]). (4.81)
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Lemma 3.6.1 hence implies that for all n ∈ N it holds that
E
[‖Θtn − (Θtn−1 + (tn − tn−1)g(Θtn−1))‖2Rd]
≤ 2(tn − tn−1)2
(
c
(
1 + E
[‖Θtn−1‖2Rd])+ E[2c2(1 + ‖Θtn−1‖2Rd)]). (4.82)
Hence, we obtain that for all n ∈ N it holds that
E
[‖Θtn − (Θtn−1 + (tn − tn−1)g(Θtn−1))‖2Rd]
≤ 2(tn − tn−1)2
(
c
(
1 + E
[‖Θtn−1‖2Rd])+ 2c2(1 + E[‖Θtn−1‖2Rd]))
= 2(tn − tn−1)2(c+ 2c2)
(
1 + E
[‖Θtn−1‖2Rd]).
(4.83)
The fact that ∀ x, y ∈ Rd : ‖x+ y‖2
Rd
≤ 2‖x‖2
Rd
+2‖y‖2
Rd
therefore demonstrates that
for all n ∈ N it holds that
E
[‖Θtn − (Θtn−1 + (tn − tn−1)g(Θtn−1))‖2Rd]
≤ 2(tn − tn−1)2(c+ 2c2)
(
1 + 2‖Ξ‖2Rd + 2E
[‖Θtn−1 − Ξ‖2Rd])
≤ (tn − tn−1)2
[
2(c+ 2c2)(2 + 2‖Ξ‖2Rd)
](
1 + E
[‖Θtn−1 − Ξ‖2Rd]).
(4.84)
Next note that (4.74) and Lemma 3.6.3 imply that for all n ∈ N0 it holds that
E
[‖Θtn‖2Rd] <∞. (4.85)
The fact that ∀ x, y ∈ Rd : ‖x + y‖2
Rd
≤ 2‖x‖2
Rd
+ 2‖y‖2
Rd
hence ensures that for all
n ∈ N it holds that
E
[‖Θtn−1 − Ξ‖2Rd] ≤ 2(E[‖Θtn−1‖2Rd]+ ‖Ξ‖2Rd) <∞. (4.86)
Combining this and (4.84) establishes (4.75). The proof of Lemma 4.4.2 is thus
completed.
4.5 A priori estimates for suitable approximation
error constants associated to SAAs
Lemma 4.5.1. Assume Setting 4.1.1 and let p,m ∈ {0} ∪ [1,∞) satisfy that
sup
x∈Rd
(
E
[‖G(x, Z1,1)‖pRd][
1 + ‖x‖m
Rd
]p
)
+ sup
n∈N0
E
[ ‖Θtn‖mpRd ] <∞. (4.87)
Then it holds that
sup
n∈N0
E
[∥∥ 1
Mn
∑Mn
j=1G(Θtn, Zn+1,j)
∥∥p
Rd
]
<∞. (4.88)
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Proof of Lemma 4.5.1. First, observe that (4.87) and Lemma 3.6.1 imply that there
exists c ∈ [0,∞) which satisfies for all x ∈ Rd that
E
[‖G(x, Z1,1)‖pRd] ≤ c(1 + ‖x‖mpRd). (4.89)
Lemma 3.6.2 therefore assures that for all n ∈ N0 it holds that
E
[∥∥ 1
Mn
∑Mn
j=1G(Θtn, Zn+1,j)
∥∥p
Rd
]
≤ c(1 + E[‖Θtn‖mpRd]). (4.90)
Combining this and (4.87) establishes (4.88). The proof of Lemma 4.5.1 is thus
completed.
Lemma 4.5.2. Assume Setting 4.1.1 and let p,m ∈ {0} ∪ [1,∞) satisfy that
sup
x∈Rd
( ‖g(x)‖Rd
1 + ‖x‖m
Rd
)
+ sup
n∈N0
E
[ ‖Θtn‖mpRd ] <∞. (4.91)
Then it holds that
sup
t∈[0,∞)
E
[‖g(Θt)‖pRd] <∞. (4.92)
Proof of Lemma 4.5.2. First, observe that (4.91) implies that there exists c ∈ [0,∞)
which satisfies for all x ∈ Rd that
‖g(x)‖Rd ≤ c(1 + ‖x‖mRd). (4.93)
This and Lemma 3.6.1 ensure that for all t ∈ [0,∞) it holds that
E
[‖g(Θt)‖pRd] ≤ E[(c(1 + ‖Θt‖mRd))p] ≤ E[2p−1cp(1 + ‖Θt‖mpRd)]
= 2p−1cp + 2p−1cp E
[‖Θt‖mpRd]. (4.94)
Lemma 3.6.5 and (4.91) hence demonstrate that
sup
t∈[0,∞)
E
[‖g(Θt)‖pRd] ≤ 2p−1cp + 2p−1cp sup
t∈[0,∞)
E
[‖Θt‖mpRd] <∞. (4.95)
This establishes (4.92). The proof of Lemma 4.5.2 is thus completed.
Lemma 4.5.3. Assume Setting 4.1.1 and let p,m ∈ {0} ∪ [1,∞) satisfy that
sup
x∈Rd
(∥∥E[( ∂
∂x
G)(x, Z1,1)
]∥∥
L(Rd,Rd)
1 + ‖x‖m
Rd
)
+ sup
n∈N0
E
[ ‖Θtn‖mpRd ] <∞. (4.96)
Then
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(i) it holds that g ∈ C1(Rd,Rd) and
(ii) it holds that
sup
t∈[0,∞)
E
[‖g′(Θt)‖pL(Rd,Rd)] <∞. (4.97)
Proof of Lemma 4.5.3. First, note that item (i) in Lemma 3.2.1 proves item (i).
Furthermore, observe that (4.96) and item (ii) in Lemma 3.2.1 demonstrate that
there exists c ∈ [0,∞) which satisfies for all x ∈ Rd that
‖g′(x)‖L(Rd,Rd) =
∥∥E[( ∂
∂x
G)(x, Z1,1)
]∥∥
L(Rd,Rd)
≤ c(1 + ‖x‖mRd). (4.98)
This and Lemma 3.6.1 imply that for all t ∈ [0,∞) it holds that
E
[‖g′(Θt)‖pL(Rd,Rd)] ≤ E[(c(1 + ‖Θt‖mRd))p]
≤ E[2p−1cp(1 + ‖Θt‖mpRd)]
= 2p−1cp + 2p−1cp E
[‖Θt‖mpRd].
(4.99)
Lemma 3.6.5 and (4.96) hence demonstrate that
sup
t∈[0,∞)
E
[‖g′(Θt)‖pL(Rd,Rd)] ≤ 2p−1cp + 2p−1cp sup
t∈[0,∞)
E
[‖Θt‖mpRd] <∞. (4.100)
The proof of Lemma 4.5.3 is thus completed.
Lemma 4.5.4. Let (V, ‖·‖V ) be a non-trivial R-Banach space, let (W, ‖·‖W ) be an
R-Banach space, and let f ∈ C1(V,W ), c ∈ R satisfy for all x ∈ V that
‖f ′(x)‖L(V,W ) ≤ c. (4.101)
Then it holds for all x ∈ V that
‖f(x)‖W ≤ (c+ ‖f(0)‖W )(1 + ‖x‖V ). (4.102)
Proof of Lemma 4.5.4. First, note that the fundamental theorem of calculus for the
Bochner integral (see, e.g., [54, Lemma 2.1]) proves that for all x ∈ V it holds that
‖f(x)− f(0)‖W =
∥∥∥∥
∫ 1
0
f ′(λx)x dλ
∥∥∥∥
W
. (4.103)
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This and the triangle inequality for the Bochner integral demonstrate that for all
x ∈ V it holds that
‖f(x)− f(0)‖W ≤
∫ 1
0
‖f ′(λx)x‖W dλ ≤
∫ 1
0
‖f ′(λx)‖L(V,W )‖x‖V dλ
≤
∫ 1
0
c‖x‖V dλ = c‖x‖V .
(4.104)
Hence, we obtain that for all x ∈ V it holds that
‖f(x)‖W ≤ ‖f(x)− f(0)‖W + ‖f(0)‖W
≤ c‖x‖V + ‖f(0)‖W
≤ (c+ ‖f(0)‖W )(1 + ‖x‖V ).
(4.105)
This establishes (4.102). The proof of Lemma 4.5.4 is thus completed.
Lemma 4.5.5. Assume Setting 4.1.1, let ψ ∈ C2(Rd,R) satisfy that
sup
x∈Rd
(
E
[‖G(x, Z1,1)‖2Rd][
1 + ‖x‖Rd
]2 + ∥∥E[( ∂2∂x2G)(x, Z1,1)]∥∥L(2)(Rd,Rd)
)
<∞ (4.106)
and supx∈Rd maxi∈{1,2} ‖ψ(i)(x)‖L(i)(Rd,R) <∞, let Q : [0,∞)×Ω→ Rd be the stochas-
tic process which satisfies for all m ∈ N0, t ∈ [tm, tm+1) that
Qt =
1
Mm
Mm∑
n=1
G(Θtm , Zm+1,n), (4.107)
and let C : [0,∞)→ [0,∞] satisfy for all T ∈ [0,∞) that
C(T ) = sup
s,v∈[0,T ]
E
[
‖Qs − g(ΘJsK)‖Rd‖Qs‖Rd (4.108)
·
(∫ 1
0
e−L(T−s)‖ψ′′(θλΘs+(1−λ)ΘJsKT−s )‖L(2)(Rd,R) + ‖ψ′(θ
λΘs+(1−λ)ΘJsK
T−s )‖L(Rd,R)
·
∫ T−s
0
e−Lu
∥∥g′′(θλΘs+(1−λ)ΘJsKu )∥∥L(2)(Rd,Rd) du dλ
)
+ ‖ψ′(θΘsT−s)‖L(Rd,R)‖g′(Θv)Qv‖Rd
]
.
Then it holds that
sup
T∈[0,∞)
C(T ) <∞. (4.109)
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Proof of Lemma 4.5.5. Throughout this proof let κ ∈ (0,∞) be a real number which
satisfies for all n ∈ N that
E
[‖Θtn − (Θtn−1 + (tn − tn−1)g(Θtn−1))‖2Rd]
≤ (tn − tn−1)2κ
(
1 + E
[‖Θtn−1 − Ξ‖2Rd]) (4.110)
(cf. Lemma 4.4.2). Note that Lemma 3.2.2 assures that for all x ∈ Rd it holds that
g ∈ C2(Rd,Rd) and g′′(x) = E[( ∂2
∂x2
G
)
(x, Z1,1)
]
. (4.111)
This, (4.106), and Lemma 4.4.1 prove that there exists c ∈ [0,∞) which satisfies for
all x ∈ Rd that
E
[‖G(x, Z1,1)‖2Rd] ≤ c(1 + ‖x‖Rd)2, ‖g(x)‖Rd ≤ c(1 + ‖x‖Rd), (4.112)
and
max
{‖g′′(x)‖L(2)(Rd,Rd), ‖ψ′(x)‖L(Rd,R), ‖ψ′′(x)‖L(2)(Rd,R)} ≤ c. (4.113)
Lemma 4.5.4 hence implies that for all x ∈ Rd it holds that
‖g′(x)‖L(Rd,Rd) ≤ (c+ ‖g′(0)‖L(Rd,Rd))(1 + ‖x‖Rd). (4.114)
Moreover, note that Lemma 4.4.2 proves that for all n ∈ N it holds that
E
[‖Θtn − (Θtn−1 + (tn − tn−1)g(Θtn−1))‖2Rd] <∞. (4.115)
Next observe that the assumption that Zm,n, (m,n) ∈ N2, are i.i.d. random variables
and (4.4) ensure that for all n ∈ N0, j ∈ {1, 2, . . . ,Mn} it holds that Zn+1,j and Θtn
are independent. This and the assumption that Zm,n, (m,n) ∈ N2, are i.i.d. random
variables ensure that for all n ∈ N0, j ∈ {1, 2, . . . ,Mn} it holds that
E
[‖G(Θtn, Zn+1,j)‖2Rd] =
∫
Ω
‖G(Θtn(ω), Zn+1,j(ω))‖2Rd P(dω)
=
∫
Ω
∫
Ω
‖G(Θtn(ω), Zn+1,j(ω˜))‖2Rd P(dω˜)P(dω)
=
∫
Ω
∫
Ω
‖G(Θtn(ω), Z1,1(ω˜))‖2Rd P(dω˜)P(dω).
(4.116)
Combining this with (4.112) and Lemma 3.6.3 demonstrates that for all n ∈ N0,
j ∈ {1, 2, . . . ,Mn} it holds that
E
[‖G(Θtn , Zn+1,j)‖2Rd] ≤
∫
Ω
c
(
1 + ‖Θtn(ω)‖Rd
)2
P(dω)
≤ 2c(1 + E[‖Θtn‖2Rd]) <∞.
(4.117)
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Therefore, we obtain that for all n ∈ N0, j ∈ {1, 2, . . . ,Mn} it holds that
E
[‖G(Θtn, Zn+1,j)‖Rd] ≤ ∣∣E[‖G(Θtn , Zn+1,j)‖2Rd]∣∣1/2 <∞. (4.118)
This and Corollary 4.3.5 imply that
sup
n∈N0
∣∣E[ ‖Θtn − Ξ‖2Rd ]∣∣1/2 <∞. (4.119)
The Minkowski inequality hence assures that
sup
n∈N0
∣∣E[ ‖Θtn‖2Rd ]∣∣1/2 ≤ ‖Ξ‖Rd + sup
n∈N0
∣∣E[ ‖Θtn − Ξ‖2Rd ]∣∣1/2 <∞. (4.120)
Next observe that (4.113) demonstrates that for all T ∈ [0,∞) it holds that
sup
s∈[0,T ]
E
[
‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd
∫ 1
0
e−L(T−s)‖ψ′′(θλΘs+(1−λ)ΘJsKT−s )‖L(2)(Rd,R) dλ
]
≤ sup
s∈[0,T ]
E
[
‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd
∫ 1
0
ce−L(T−s) dλ
]
≤ c sup
s∈[0,T ]
E
[‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd ]
≤ c sup
s∈[0,∞)
E
[‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd ]. (4.121)
Ho¨lder’s inequality therefore assures that for all T ∈ [0,∞) it holds that
sup
s∈[0,T ]
E
[
‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd
∫ 1
0
e−L(T−s)‖ψ′′(θλΘs+(1−λ)ΘJsKT−s )‖L(2)(Rd,R) dλ
]
≤ c sup
s∈[0,∞)
(∣∣E[‖Qs − g(ΘJsK)‖2Rd]∣∣1/2∣∣E[‖Qs‖2Rd]∣∣1/2)
≤ c sup
s∈[0,∞)
∣∣E[‖Qs − g(ΘJsK)‖2Rd]∣∣1/2 sup
s∈[0,∞)
∣∣E[‖Qs‖2Rd]∣∣1/2. (4.122)
Moreover, note that the Minkowski inequality implies that
sup
s∈[0,∞)
∣∣E[‖Qs − g(ΘJsK)‖2Rd]∣∣1/2
≤ sup
s∈[0,∞)
∣∣E[‖Qs‖2Rd]∣∣1/2 + sup
s∈[0,∞)
∣∣E[‖g(ΘJsK)‖2Rd]∣∣1/2. (4.123)
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In the next step observe that (4.112), (4.120), and Lemma 4.5.1 assure that
sup
s∈[0,∞)
E
[‖Qs‖2Rd] = sup
n∈N0
E
[‖ 1
Mn
∑Mn
j=1G(Θtn , Zn+1,j)‖2Rd
]
<∞. (4.124)
Next note that (4.112), (4.120), and Lemma 4.5.2 demonstrate that
sup
s∈[0,∞)
E
[‖g(ΘJsK)‖2Rd] ≤ sup
t∈[0,∞)
E
[‖g(Θt)‖2Rd] <∞. (4.125)
Combining this, (4.123), and (4.124) ensures that
sup
s∈[0,∞)
∣∣E[‖Qs − g(ΘJsK)‖2Rd]∣∣1/2 <∞. (4.126)
This, (4.122), and (4.124) prove that
sup
T∈[0,∞)
sup
s∈[0,T ]
E
[
‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd
·
∫ 1
0
e−L(T−s)‖ψ′′(θλΘs+(1−λ)ΘJsKT−s )‖L(2)(Rd,R) dλ
]
<∞.
(4.127)
Next observe that (4.113) implies that for all T ∈ (0,∞) it holds that
sup
s∈[0,T ]
E
[
‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd
∫ 1
0
‖ψ′(θλΘs+(1−λ)ΘJsKT−s )‖L(Rd,R)
·
∫ T−s
0
e−Lu‖g′′(θλΘs+(1−λ)ΘJsKu )‖L(2)(Rd,Rd) du dλ
]
≤ c2 sup
s∈[0,T ]
E
[
‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd
∫ 1
0
∫ T−s
0
e−Lu du dλ
]
= c2 sup
s∈[0,T ]
E
[
‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd
∫ T−s
0
e−Lu du
]
= c
2
L
sup
s∈[0,T ]
E
[‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd (1− e−L(T−s))]
≤ c2
L
sup
s∈[0,∞)
E
[‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd ].
(4.128)
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This and Ho¨lder’s inequality ensure that for all T ∈ (0,∞) it holds that
sup
s∈[0,T ]
E
[
‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd
∫ 1
0
‖ψ′(θλΘs+(1−λ)ΘJsKT−s )‖L(Rd,R)
·
∫ T−s
0
e−Lu‖g′′(θλΘs+(1−λ)ΘJsKu )‖L(2)(Rd,Rd) du dλ
]
≤ c2
L
sup
s∈[0,∞)
(∣∣E[‖Qs − g(ΘJsK)‖2Rd]∣∣1/2∣∣E[ ‖Qs‖2Rd ]∣∣1/2).
(4.129)
Combining this, (4.124), and (4.126) demonstrates that
sup
T∈[0,∞)
sup
s∈[0,T ]
E
[
‖Qs − g(ΘJsK)‖Rd ‖Qs‖Rd
∫ 1
0
‖ψ′(θλΘs+(1−λ)ΘJsKT−s )‖L(Rd,R)
·
∫ T−s
0
e−Lu‖g′′(θλΘs+(1−λ)ΘJsKu )‖L(2)(Rd,Rd) du dλ
]
<∞.
(4.130)
Next observe that (4.113) and Ho¨lder’s inequality imply that for all T ∈ [0,∞) it
holds that
sup
s,v∈[0,T ]
E
[‖ψ′(θΘsT−s)‖L(Rd,R)‖g′(Θv)Qv‖Rd]
≤ sup
v∈[0,∞)
E
[
c‖g′(Θv)Qv‖Rd
]
≤ c sup
v∈[0,∞)
E
[‖g′(Θv)‖L(Rd,Rd)‖Qv‖Rd]
≤ c sup
v∈[0,∞)
(∣∣E[‖g′(Θv)‖2L(Rd,Rd)]∣∣1/2∣∣E[‖Qv‖2Rd]∣∣1/2)
≤ c sup
v∈[0,∞)
∣∣E[‖g′(Θv)‖2L(Rd,Rd)]∣∣1/2 sup
v∈[0,∞)
∣∣E[‖Qv‖2Rd]∣∣1/2.
(4.131)
Furthermore, note that Lemma 4.5.3, (4.114), and (4.120) ensure that
sup
v∈[0,∞)
E
[‖g′(Θv)‖2L(Rd,Rd)] <∞. (4.132)
Combining this, (4.124), and (4.131) proves that
sup
T∈[0,∞)
sup
s,v∈[0,T ]
E
[‖ψ′(θΘsT−s)‖L(Rd,R)‖g′(Θv)Qv‖Rd] <∞. (4.133)
This, (4.127), and (4.130) establish (4.109). The proof of Lemma 4.5.5 is thus com-
pleted.
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4.6 Weak convergence rates for SAAs in the case
of polynomially decaying learning rates with
mini-batches
Proposition 4.6.1. Assume Setting 4.1.1 and let ψ ∈ C2(Rd,R) satisfy that
sup
x∈Rd
(
E
[‖G(x, Z1,1)‖2Rd][
1 + ‖x‖Rd
]2 + ∥∥E[( ∂2∂x2G)(x, Z1,1)]∥∥L(2)(Rd,Rd)
)
<∞ (4.134)
and supx∈Rd maxi∈{1,2} ‖ψ(i)(x)‖L(i)(Rd,R) <∞. Then
(i) it holds that {x ∈ Rd : g(x) = 0} = {Ξ} and
(ii) there exists C ∈ R such that for all n ∈ N it holds that
|E[ψ(Θtn)]− ψ(Ξ)| ≤ Cn2ε−1. (4.135)
Proof of Proposition 4.6.1. Throughout this proof let λ ∈ (0, 1), let K(λ) ∈ (0,∞)
be the real number given by
K(λ) = sup
n∈N∩[2,∞)
[
η2eLη+
Lη
ε
2(1− 2ε)
(
n1−2ε
[
2e−
Lη
ε
(1−λε)nε + (n− 1)2ε−2
]
+ λ2ε−1
)]
(4.136)
(cf. Lemma 3.8.7), let Q : [0,∞)× Ω→ Rd be the stochastic process which satisfies
for all m ∈ N0, t ∈ [tm, tm+1) that
Qt =
1
Mm
Mm∑
n=1
G(Θtm, Zm+1,n), (4.137)
and let R : [0,∞)→ [0,∞] satisfy for all T ∈ [0,∞) that
R(T ) = sup
s,v∈[0,T ]
E
[
‖Qs − g(ΘJsK)‖Rd‖Qs‖Rd (4.138)
·
(∫ 1
0
e−L(T−s)‖ψ′′(θλΘs+(1−λ)ΘJsKT−s )‖L(2)(Rd,R) + ‖ψ′(θ
λΘs+(1−λ)ΘJsK
T−s )‖L(Rd,R)
·
∫ T−s
0
e−Lu
∥∥g′′(θλΘs+(1−λ)ΘJsKu )∥∥L(2)(Rd,Rd) du dλ
)
+ ‖ψ′(θΘsT−s)‖L(Rd,R)‖g′(Θv)Qv‖Rd
]
.
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Note that (4.134) and Lemma 3.2.2 prove that
sup
x∈Rd
‖g′′(x)‖L(2)(Rd,Rd) <∞. (4.139)
This, Lemma 3.2.1, and Lemma 4.5.4 demonstrate that
sup
x∈Rd
(∥∥E[( ∂
∂x
G)(x, Z1,1)
]∥∥
L(Rd,Rd)[
1 + ‖x‖Rd
]
)
= sup
x∈Rd
(
‖g′(x)‖L(Rd,Rd)[
1 + ‖x‖Rd
]
)
<∞. (4.140)
Next observe that (4.2) assures that Ξ is the unique zero of g. This proves item (i).
Item (iv) in Lemma 3.3.6 therefore ensures that
lim sup
s→∞
‖θξs − Ξ‖Rd = 0. (4.141)
Corollary 3.9.1, (4.134), (4.140), and (4.2) hence assure that for all k ∈ N it holds
that
|E[ψ(Θtk)]− ψ(Ξ)|
≤ (k + 1)2ε−1
[
K(λ)R(tk)
+ (k + 1)1−2εe−Ltk sup
α∈[0,1]
(∥∥ψ′(αθξtk + (1− α)Ξ)∥∥L(Rd,R))‖ξ − Ξ‖Rd
]
≤ (k + 1)2ε−1
[
K(λ) sup
T∈[0,∞)
R(T )
+ (k + 1)1−2εe−Ltk sup
α∈[0,1]
(∥∥ψ′(αθξtk + (1− α)Ξ)∥∥L(Rd,R)
)
‖ξ − Ξ‖Rd
]
≤ (k + 1)2ε−1
[
K(λ) sup
T∈[0,∞)
R(T )
+ sup
l∈N0
(
(l + 1)1−2εe−Ltl sup
α∈[0,1]
(∥∥ψ′(αθξtl + (1− α)Ξ)∥∥L(Rd,R)
))
‖ξ − Ξ‖Rd
]
.
(4.142)
Next note that Lemma 4.2.2 and Lemma 4.5.5 imply that
sup
l∈N0
(
(l + 1)1−2εe−Ltl sup
α∈[0,1]
(∥∥ψ′(αθξtl + (1− α)Ξ)∥∥L(Rd,R)
))
‖ξ − Ξ‖Rd
+K(λ) sup
T∈[0,∞)
R(T ) <∞. (4.143)
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Furthermore, observe that for all k ∈ N it holds that
(k + 1)2ε−1 ≤ k2ε−1. (4.144)
This, (4.143), and (4.142) establish item (ii). The proof of Proposition 4.6.1 is thus
completed.
Theorem 4.6.2. Let d ∈ N, ξ, Ξ ∈ Rd, ε ∈ (0, 1/2), η, L, c ∈ (0,∞), (Mn)n∈N0 ⊆
N, ψ ∈ C2(Rd,R), let (S,S) be a measurable space, let (Ω,F ,P) be a probabil-
ity space, let Zm,n : Ω → S, (m,n) ∈ N2, be i.i.d. random variables, let G =
(G(x, s))(x,s)∈Rd×S : Rd × S → Rd be (B(Rd)⊗S)/B(Rd)-measurable, let g : Rd → Rd
be a function, assume for all s ∈ S that (Rd ∋ x 7→ G(x, s) ∈ Rd) ∈ C2(Rd,Rd),
assume for all x, y ∈ Rd that
E
[‖G(x, Z1,1)‖2Rd] ≤ c[1 + ‖x‖Rd]2, 〈x− Ξ, g(x)〉Rd ≤ −L‖g(x)‖2Rd , (4.145)
g(x) = E
[
G(x, Z1,1)
]
, 〈x− y, g(x)− g(y)〉Rd ≤ −L‖x − y‖2Rd, (4.146)
max
i∈{1,2}
inf
δ∈(0,∞)
sup
u∈[−δ,δ]d
E
[
‖( ∂i
∂xi
G)(x+ u, Z1,1)‖1+δL(i)(Rd,Rd)
]
<∞, (4.147)
and ∥∥E[( ∂2
∂x2
G)(x, Z1,1)
]∥∥
L(2)(Rd,Rd)
+ max
i∈{1,2}
‖ψ(i)(x)‖L(i)(Rd,R) < c (4.148)
(cf. Corollary 2.2.5), and let Θ: N0×Ω→ Rd be the stochastic process which satisfies
for all n ∈ N that Θ0 = ξ and
Θn = Θn−1 +
η
n1−εMn−1
Mn−1∑
j=1
G(Θn−1, Zn,j). (4.149)
Then
(i) it holds that {x ∈ Rd : g(x) = 0} = {Ξ} and
(ii) there exists C ∈ [0,∞) such that for all n ∈ N it holds that
|E[ψ(Θn)]− ψ(Ξ)| ≤ Cn2ε−1. (4.150)
Proof of Theorem 4.6.2. This is a direct consequence of Proposition 4.6.1. The proof
of Theorem 4.6.2 is thus completed.
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4.7 Weak convergence rates for SAAs in the case
of polynomially decaying learning rates with-
out mini-batches
Corollary 4.7.1. Let d ∈ N, ξ, Ξ ∈ Rd, ε ∈ (0, 1/2), η, L, c ∈ (0,∞), ψ ∈
C2(Rd,R), let (S,S) be a measurable space, let (Ω,F ,P) be a probability space,
let G = (G(x, s))(x,s)∈Rd×S : Rd × S → Rd be (B(Rd) ⊗ S)/B(Rd)-measurable, let
Zn : Ω→ S, n ∈ N, be i.i.d. random variables, let g : Rd → Rd be a function, assume
for all s ∈ S that (Rd ∋ x 7→ G(x, s) ∈ Rd) ∈ C2(Rd,Rd), assume for all x, y ∈ Rd
that
E
[‖G(x, Z1)‖2Rd] ≤ c[1 + ‖x‖Rd]2, 〈x− Ξ, g(x)〉Rd ≤ −L‖g(x)‖2Rd, (4.151)
g(x) = E
[
G(x, Z1)
]
, 〈x− y, g(x)− g(y)〉Rd ≤ −L‖x− y‖2Rd, (4.152)
max
i∈{1,2}
inf
δ∈(0,∞)
sup
u∈[−δ,δ]d
E
[
‖( ∂i
∂xi
G)(x+ u, Z1)‖1+δL(i)(Rd,Rd)
]
<∞, (4.153)
and ∥∥E[( ∂2
∂x2
G)(x, Z1)
]∥∥
L(2)(Rd,Rd)
+ max
i∈{1,2}
‖ψ(i)(x)‖L(i)(Rd,R) < c (4.154)
(cf. Corollary 2.2.5), and let Θ: N0×Ω→ Rd be the stochastic process which satisfies
for all n ∈ N that Θ0 = ξ and
Θn = Θn−1 +
η
n1−ε
G(Θn−1, Zn). (4.155)
Then
(i) it holds that {x ∈ Rd : g(x) = 0} = {Ξ} and
(ii) there exists C ∈ R such that for all n ∈ N it holds that
|E[ψ(Θn)]− ψ(Ξ)| ≤ Cn2ε−1. (4.156)
Proof of Corollary 4.7.1. This is a direct consequence of Theorem 4.6.2. The proof
of Corollary 4.7.1 is thus completed.
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4.8 SAAs for random rotation problems
Lemma 4.8.1. Let (Ω,F ,P) be a probability space, let Zn : Ω → [pi/4, 5pi/4], n ∈ N,
be i.i.d. random variables, assume that Z1 is continuous uniformly distributed on
(pi/4, 5pi/4), let A : [pi/4, 5pi/4]→ R2×2 satisfy for all s ∈ [pi/4, 5pi/4] that
A(s) =
(
cos(s) − sin(s)
sin(s) cos(s)
)
, (4.157)
let G = (G(x, s))(x,s)∈R2×[pi/4,5pi/4] : R2 × [pi/4, 5pi/4] → R2 satisfy for all x ∈ R2, s ∈
[pi/4, 5pi/4] that
G(x, s) = A(s)x, (4.158)
and let g : R2 → R2 satisfy for all x ∈ R2 that
g(x) = E
[
G(x, Z1)
]
. (4.159)
Then
(i) it holds for all x ∈ R2 that
E
[
A(Z1)
]
=
√
2
pi
(−1 −1
1 −1
)
= 2
pi
A
(
3pi
4
)
(4.160)
and
g(x) = 2
pi
A
(
3pi
4
)
x, (4.161)
(ii) it holds for all s ∈ [pi/4, 5pi/4] that(
R2 ∋ x 7→ A(s)x ∈ R2) ∈ C2(R2,R2), (4.162)
(iii) it holds for all x ∈ R2 that
max
i∈{1,2}
sup
u∈[−1,1]2
E
[
‖( ∂i
∂xi
G)(x+ u, Z1)‖2L(i)(R2,R2)
]
<∞, (4.163)
(iv) it holds for all s ∈ [pi/4, 5pi/4], x ∈ R2 that
‖A(s)x‖R2 = ‖x‖R2, ‖g(x)‖R2 = 2pi‖x‖R2 , (4.164)
and
E
[‖G(x, Z1)‖2R2] = ‖x‖2R2, (4.165)
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(v) it holds for all s ∈ [pi/4, 5pi/4], x ∈ R2 that
〈A(s)x, x〉R2 = cos(s)‖x‖2R2 , (4.166)
and
(vi) it holds for all x, y ∈ R2 that
〈x− y, g(x)− g(y)〉R2 = −
√
2
pi
‖x− y‖2R2. (4.167)
Proof of Lemma 4.8.1. First, observe that
E
[
cos(Z1)
]
=
∫ 5pi/4
pi/4
cos(s) 1
pi
ds = 1
pi
[
sin(s)
]s=5pi/4
s=pi/4
= 1
pi
(−
√
2
2
−
√
2
2
) = −
√
2
pi
(4.168)
and
E
[
sin(Z1)
]
=
∫ 5pi/4
pi/4
sin(s) 1
pi
ds = − 1
pi
[
cos(s)
]s=5pi/4
s=pi/4
= − 1
pi
(−
√
2
2
−
√
2
2
) =
√
2
pi
. (4.169)
This and (4.157) prove (4.160). Combining this, (4.158), and (4.159) demonstrates
(4.161). This establishes item (i). Moreover, note that item (ii) is obvious. Next
observe that for all x ∈ R2, s ∈ [pi/4, 5pi/4] it holds that
( ∂
∂x
G)(x, s) = A(s) and ( ∂
2
∂x2
G)(x, s) = 0. (4.170)
Furthermore, note that for all s ∈ [pi/4, 5pi/4], x = (x1, x2) ∈ R2 it holds that
‖A(s)x‖2R2 = (cos(s)x1 − sin(s)x2)2 + (sin(s)x1 + cos(s)x2)2
= cos(s)2x21 − 2 cos(s) sin(s)x1x2 + sin(s)2x22
+ sin(s)2x21 + 2 cos(s) sin(s)x1x2 + cos(s)
2x22
= x21 + x
2
2 = ‖x‖2R2 .
(4.171)
This and (4.170) establish item (iii). Next observe that (4.171) and (4.161) prove
that for all x ∈ R2 it holds that
‖g(x)‖R2 = 2pi‖x‖R2. (4.172)
In addition, observe that (4.171) and (4.158) ensure that for all x ∈ R2 it holds that
E
[‖G(x, Z1)‖2R2] = E[‖A(Z1)x‖2R2] = E[‖x‖2R2] = ‖x‖2R2 . (4.173)
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Combining this, (4.171), and (4.172) establishes item (iv). Next note that for all
x = (x1, x2) ∈ R2, s ∈ [pi/4, 5pi/4] it holds that
〈A(s)x, x〉R2 = 〈(x1 cos(s)− x2 sin(s), x1 sin(s) + x2 cos(s)), (x1, x2)〉R2
= x21 cos(s) + x
2
2 cos(s)
= cos(s)‖x‖2R2. (4.174)
This proves item (v). Combining this with (4.161) assures that for all x, y ∈ R2 it
holds that
〈x− y, g(x)− g(y)〉R2 = 2pi 〈x− y, A
(
3pi
4
)
(x− y)〉R2
= 2
pi
〈A(3pi
4
)
(x− y), (x− y)〉R2
= 2
pi
cos
(
3pi
4
)‖x− y‖2R2 = −√2pi ‖x− y‖2R2.
(4.175)
This establishes item (vi). The proof of Lemma 4.8.1 is thus completed.
Corollary 4.8.2. Let ξ ∈ R2, ε ∈ (0, 1/2), η ∈ (0,∞), ψ ∈ C2(R2,R) satisfy
that supx∈R2 maxi∈{1,2} ‖ψ(i)(x)‖L(i)(R2,R) <∞, let (Ω,F ,P) be a probability space, let
Zn : Ω → [pi/4, 5pi/4], n ∈ N, be i.i.d. random variables, assume that Z1 is continuous
uniformly distributed on (pi/4, 5pi/4), let A : [pi/4, 5pi/4]→ R2×2 satisfy for all s ∈ [pi/4, 5pi/4]
that
A(s) =
(
cos(s) − sin(s)
sin(s) cos(s)
)
, (4.176)
let G = (G(x, s))(x,s)∈R2×[pi/4,5pi/4] : R2 × [pi/4, 5pi/4] → R2 satisfy for all x ∈ R2, s ∈
[pi/4, 5pi/4] that
G(x, s) = A(s)x, (4.177)
let g : R2 → R2 satisfy for all x ∈ R2 that
g(x) = E
[
G(x, Z1)
]
, (4.178)
and let Θ: N0 × Ω → R2 be the stochastic process which satisfies for all n ∈ N that
Θ0 = ξ and
Θn = Θn−1 +
η
n1−ε
G(Θn−1, Zn). (4.179)
Then
(i) it holds that {x ∈ R2 : g(x) = 0} = {0} and
(ii) there exists C ∈ R such that for all n ∈ N it holds that
|E[ψ(Θn)]− ψ(0)| ≤ Cn2ε−1. (4.180)
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Proof of Corollary 4.8.2. First, note that item (iv) in Lemma 4.8.1 proves that for
all x ∈ R2 it holds that
E
[‖G(x, Z1)‖2R2] = ‖x‖2R2 ≤ [1 + ‖x‖R2]2 (4.181)
and
‖g(x)‖R2 = 2pi‖x‖R2. (4.182)
Next observe that item (iii) in Lemma 4.8.1 establishes for all x ∈ R2 that
max
i∈{1,2}
sup
u∈[−1,1]2
E
[
‖( ∂i
∂xi
G)(x+ u, Z1)‖2L(i)(R2,R2)
]
<∞. (4.183)
Moreover, note that item (vi) in Lemma 4.8.1 ensures that for all x, y ∈ R2 it holds
that
〈x− y, g(x)− g(y)〉R2 = −
√
2
pi
‖x− y‖2R2. (4.184)
This and (4.182) ensure that for all x ∈ R2 it holds that
〈x, g(x)〉R2 = 〈x− 0, g(x)− g(0)〉R2 = −
√
2
pi
‖x‖2R2 = −pi
√
2
4
‖g(x)‖2R2. (4.185)
In addition, observe that for all x ∈ R2, s ∈ [pi/4, 5pi/4] it holds that
( ∂
2
∂x2
G)(x, s) = 0. (4.186)
Hence, we obtain that for all s ∈ [pi/4, 5pi/4] it holds that
sup
x∈R2
‖( ∂2
∂x2
G)(x, s)‖L(2)(R2,R2) <∞. (4.187)
Combining this with Corollary 4.7.1, (4.181), (4.183), (4.184), (4.185), and the
assumption that supx∈R2 maxi∈{1,2} ‖ψ(i)(x)‖L(i)(R2,R) < ∞ establishes item (i) and
item (ii). The proof of Corollary 4.8.2 is thus completed.
Chapter 5
Weak error estimates for
stochastic gradient descent (SGD)
optimization methods
In this chapter we apply the weak error analysis results for SAAs from Chapter 4
above to establish weak error estimates for SGD optimization methods. In particu-
lar, in Corollary 5.2.1 in Section 5.2 below we establish weak error estimates for SGD
optimization methods in the case of objective functions with linearly growing deriva-
tives. In our proof of Corollary 5.2.1 we employ the weak error estimates for SGD
optimization methods in the case of coercive objective functions in Corollary 5.1.2 in
Section 5.1 below. Our proof of Corollary 5.1.2, in turn, uses the elementary result
on derivatives of gradients of smooth functions in Lemma 5.1.1 in Section 5.1 below
and the weak convergence result for SAAs in Corollary 4.7.1 in Section 4.7 above.
5.1 Weak error estimates for SGD optimization
methods in the case of coercive objective func-
tions
Lemma 5.1.1. Let d, n ∈ N, f ∈ Cn(Rd,R) and let g : Rd → Rd satisfy for all
x ∈ Rd that g(x) = (∇f)(x). Then
(i) it holds that g ∈ C(n−1)(Rd,Rd),
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(ii) it holds for all k ∈ {1, 2, . . . , n}, x, y1, y2, . . . , yk ∈ Rd that
f (k)(x)(y1, y2, . . . , yk) = 〈g(k−1)(x)(y2, y3, . . . , yk), y1〉Rd, (5.1)
and
(iii) it holds for all k ∈ {1, 2, . . . , n}, x ∈ Rd that
‖f (k)(x)‖L(k)(Rd,R) = ‖g(k−1)(x)‖L(k−1)(Rd,Rd). (5.2)
Proof of Lemma 5.1.1. First, note that the hypothesis that f ∈ Cn(Rd,R) estab-
lishes item (i). Next we prove item (ii) by induction on k ∈ {1, 2, . . . , n}. For the
base case k = 1 note that for all x, y ∈ Rd it holds that
f ′(x)(y) = 〈g(x), y〉Rd. (5.3)
This proves (5.1) in the base case k = 1. For the induction step {1, 2, . . . , n− 1} ∋
k → k+ 1 ∈ {2, 3, . . . , n} let k ∈ {1, 2, . . . , n− 1} satisfy for all x, y1, y2, . . . , yk ∈ Rd
that
f (k)(x)(y1, y2, . . . , yk) = 〈g(k−1)(x)(y2, y3, . . . , yk), y1〉Rd. (5.4)
Next observe that item (i) ensures that for all x, y2, y3, . . . , yk+1 ∈ Rd it holds that
lim sup
h→0
h∈R\{0}
∥∥∥∥g(k−1)(x+ hyk+1)(y2, y3, . . . , yk)− g(k−1)(x)(y2, y3, . . . , yk)h
− g(k)(x)(y2, y3, . . . , yk, yk+1)
∥∥∥∥
Rd
= 0.
(5.5)
The Cauchy-Schwartz inequality hence implies that for all x, y1, y2, . . . , yk+1 ∈ Rd it
holds that
lim sup
h→0
h∈R\{0}
∣∣∣∣〈g(k−1)(x+ hyk+1)(y2, y3, . . . , yk)− g(k−1)(x)(y2, y3, . . . , yk), y1〉Rdh
− 〈g(k)(x)(y2, y3, . . . , yk, yk+1), y1〉Rd
∣∣∣∣
≤ lim sup
h→0
h∈R\{0}
∥∥∥∥g(k−1)(x+ hyk+1)(y2, y3, . . . , yk)− g(k−1)(x)(y2, y3, . . . , yk)h
− g(k)(x)(y2, y3, . . . , yk, yk+1)
∥∥∥∥
Rd
‖y1‖Rd = 0.
(5.6)
105
The induction hypothesis (see (5.4)) therefore assures that for all x, y1, y2, . . . , yk+1 ∈
Rd it holds that
lim sup
h→0
h∈R\{0}
∣∣∣∣f (k)(x+ hyk+1)(y1, y2, . . . , yk)− f (k)(x)(y1, y2, . . . , yk)h
− 〈g(k)(x)(y2, y3, . . . , yk+1), y1〉Rd
∣∣∣∣ (5.7)
= lim sup
h→0
h∈R\{0}
∣∣∣∣〈g(k−1)(x+ hyk+1)(y2, y3, . . . , yk)− g(k−1)(x)(y2, y3, . . . , yk), y1〉Rdh
− 〈g(k)(x)(y2, y3, . . . , yk+1), y1〉Rd
∣∣∣∣ = 0.
This and the assumption that f ∈ Cn(Rd,R) demonstrates that for all x, y1, y2, . . . ,
yk+1 ∈ Rd it holds that
f (k+1)(x)(y1, y2, . . . , yk+1) = 〈g(k)(x)(y2, y3, . . . , yk+1), y1〉Rd. (5.8)
Induction thus proves item (ii). Next observe that item (ii) implies that for all
k ∈ {1, 2, . . . , n}, x ∈ Rd it holds that
‖f (k)(x)‖L(k)(Rd,R) = sup
y1,y2,...,yk∈Rd\{0}
|f (k)(x)(y1, y2, . . . , yk)|
‖y1‖Rd‖y2‖Rd . . . ‖yk‖Rd
= sup
y1,y2,...,yk∈Rd\{0}
|〈g(k−1)(x)(y2, y3, . . . , yk), y1〉Rd|
‖y1‖Rd‖y2‖Rd . . . ‖yk‖Rd
= sup
y2,y3,...,yk∈Rd\{0}
[
sup
y1∈Rd\{0}
|〈g(k−1)(x)(y2, y3, . . . , yk), y1〉Rd|
‖y1‖Rd‖y2‖Rd . . . ‖yk‖Rd
]
= sup
y2,y3,...,yk∈Rd\{0}
‖g(k−1)(x)(y2, y3, . . . , yk)‖Rd
‖y2‖Rd‖y3‖Rd . . . ‖yk‖Rd
= ‖g(k−1)(x)‖L(k−1)(Rd,Rd).
(5.9)
This establishes item (iii). The proof of Lemma 5.1.1 is thus completed.
Corollary 5.1.2. Let d ∈ N, ξ, Ξ ∈ Rd, ε ∈ (0, 1/2), η, L, c ∈ (0,∞), ψ ∈
C2(Rd,R), let (S,S) be a measurable space, let (Ω,F ,P) be a probability space,
let F = (F (x, s))(x,s)∈Rd×S : Rd × S → R be (B(Rd) ⊗ S)/B(R)-measurable, let
Zn : Ω → S, n ∈ N, be i.i.d. random variables, let g : Rd → Rd be a function,
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assume for all s ∈ S that (Rd ∋ x 7→ F (x, s) ∈ R) ∈ C3(Rd,R), assume for all
x, y ∈ Rd that
E
[‖(∇xF )(x, Z1)‖2Rd] ≤ c[1 + ‖x‖2Rd], 〈x− Ξ, g(x)〉Rd ≤ −L‖g(x)‖2Rd, (5.10)
g(x) = E[(∇xF )(x, Z1)], 〈x− y, g(x)− g(y)〉Rd ≤ −L‖x− y‖2Rd, (5.11)
max
i∈{2,3}
inf
δ∈(0,∞)
sup
u∈[−δ,δ]d
E
[
‖( ∂i
∂xi
F )(x+ u, Z1)‖1+δL(i)(Rd,R)
]
<∞, (5.12)
and ∥∥E[( ∂3
∂x3
F )(x, Z1)
]∥∥
L(3)(Rd,R)
+ max
i∈{1,2}
‖ψ(i)(x)‖L(i)(Rd,R) < c (5.13)
(cf. Corollary 2.2.5), and let Θ: N0×Ω→ Rd be the stochastic process which satisfies
for all n ∈ N that Θ0 = ξ and
Θn = Θn−1 +
η
n1−ε
(∇xF )(Θn−1, Zn). (5.14)
Then
(i) it holds that {x ∈ Rd : g(x) = 0} = {Ξ} and
(ii) there exists C ∈ R such that for all n ∈ N it holds that
|E[ψ(Θn)]− ψ(Ξ)| ≤ Cn2ε−1. (5.15)
Proof of Corollary 5.1.2. Throughout this proof let G = (G(x, s))(x,s)∈Rd×S : Rd ×
S → Rd satisfy for all x ∈ Rd, s ∈ S that
G(x, s) = (∇xF )(x, s). (5.16)
Observe that the hypothesis that ∀ s ∈ S : (Rd ∋ x 7→ F (x, s) ∈ R) ∈ C3(Rd,R)
ensures that for all s ∈ S it holds that(
Rd ∋ x 7→ G(x, s) ∈ Rd) ∈ C2(Rd,Rd). (5.17)
In addition, note that (5.16) and (5.10) imply that
sup
x∈Rd
(
E
[‖G(x, Z1)‖2Rd][
1 + ‖x‖Rd
]2
)
≤ c. (5.18)
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Next observe that item (iii) in Lemma 5.1.1 (with d = d, n = 3, f = (Rd ∋ x 7→
F (x, s) ∈ R) ∈ C3(Rd,R), g = (Rd ∋ x 7→ G(x, s) ∈ Rd) for s ∈ S in the notation of
Lemma 5.1.1) assures that for all i ∈ {1, 2}, x ∈ Rd, s ∈ S it holds that
‖( ∂i
∂xi
G)(x, s)‖L(i)(Rd,Rd) = ‖( ∂i+1∂xi+1F )(x, s)‖L(i+1)(Rd,R). (5.19)
This and (5.12) demonstrate that for all x ∈ Rd it holds that
max
i∈{1,2}
inf
δ∈(0,∞)
sup
u∈[−δ,δ]d
E
[
‖( ∂i
∂xi
G)(x+ u, Z1)‖1+δL(i)(Rd,Rd)
]
<∞. (5.20)
Jensen’s inequality hence proves that for all x ∈ Rd it holds that
max
i∈{1,2}
E
[
‖( ∂i
∂xi
G)(x, Z1)‖L(i)(Rd,Rd)
]
<∞. (5.21)
Moreover, observe that for all y1, y2, y3 ∈ Rd it holds that (L(3)(Rd,R) ∋ A 7→
A(y1, y2, y3) ∈ R) is a continuous linear function. This ensures that for all vectors
y1, y2, y3 ∈ Rd and all random variables A : Ω → L(3)(Rd,R) with E[‖A‖L(3)(Rd,R)] <
∞ it holds that E[|A(y1, y2, y3)|] <∞ and
E[A](y1, y2, y3) = E[A(y1, y2, y3)]. (5.22)
Combining this, Corollary 2.2.5, and item (ii) in Lemma 5.1.1 (with d = d, n = 3,
f = (Rd ∋ x 7→ F (x, Z1(ω)) ∈ R) ∈ C3(Rd,R), g = (Rd ∋ x 7→ G(x, Z1(ω)) ∈ Rd)
for ω ∈ Ω in the notation of Lemma 5.1.1) implies that for all x, y1, y2, y3 ∈ Rd it
holds that
E
[
( ∂
3
∂x3
F )(x, Z1)
]
(y1, y2, y3) = E
[
( ∂
3
∂x3
F )(x, Z1)(y1, y2, y3)
]
= E
[〈( ∂2
∂x2
G)(x, Z1)(y2, y3), y1〉Rd
]
.
(5.23)
Moreover, note that (5.21) assures that for all x, y1, y2, y3 ∈ Rd it holds that
E
[∣∣〈( ∂2
∂x2
G)(x, Z1)(y2, y3), y1〉Rd
∣∣] ≤ E[‖( ∂2
∂x2
G)(x, Z1)(y2, y3)‖Rd‖y1‖Rd
]
≤ E[‖( ∂2
∂x2
G)(x, Z1)‖L(2)(Rd,Rd)
]‖y2‖Rd‖y3‖Rd‖y1‖Rd <∞. (5.24)
This and (5.23) prove that for all x, y1, y2, y3 ∈ Rd it holds that
E
[
( ∂
3
∂x3
F )(x, Z1)
]
(y1, y2, y3) =
〈
E
[
( ∂
2
∂x2
G)(x, Z1)(y2, y3)
]
, y1
〉
Rd
. (5.25)
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Therefore, we obtain that for all x ∈ Rd it holds that
∥∥E[( ∂3
∂x3
F )(x, Z1)
]∥∥
L(3)(Rd,R)
= sup
y1,y2,y3∈Rd\{0}
∣∣E[( ∂3
∂x3
F )(x, Z1)
]
(y1, y2, y3)
∣∣
‖y1‖Rd‖y2‖Rd‖y3‖Rd
= sup
y1,y2,y3∈Rd\{0}
∣∣〈E[( ∂2
∂x2
G)(x, Z1)(y2, y3)
]
, y1
〉
Rd
∣∣
‖y1‖Rd‖y2‖Rd‖y3‖Rd
= sup
y2,y3∈Rd\{0}
[
sup
y1∈Rd\{0}
∣∣〈E[( ∂2
∂x2
G)(x, Z1)(y2, y3)
]
, y1
〉
Rd
∣∣
‖y1‖Rd‖y2‖Rd‖y3‖Rd
]
= sup
y2,y3∈Rd\{0}
∥∥E[( ∂2
∂x2
G)(x, Z1)(y2, y3)
]∥∥
Rd
‖y2‖Rd‖y3‖Rd
=
∥∥E[( ∂2
∂x2
G)(x, Z1)
]∥∥
L(2)(Rd,Rd)
.
(5.26)
This and (5.13) demonstrate that for all x ∈ Rd it holds that∥∥E[( ∂2
∂x2
G)(x, Z1)
]∥∥
L(2)(Rd,Rd)
+ max
i∈{1,2}
‖ψ(i)(x)‖L(i)(Rd,R) < c. (5.27)
Moreover, note that combining (5.14) and (5.16) ensures that for all n ∈ N it holds
that Θ0 = ξ and
Θn = Θn−1 +
η
n1−ε
G(Θn−1, Zn). (5.28)
Next observe that, e.g., [53, Lemma 4.4] proves that G is (B(Rd) ⊗ S)/B(Rd)-
measurable. Corollary 4.7.1 (with d = d, ξ = ξ, Ξ = Ξ, ε = ε, η = η, L = L,
c = c, ψ = ψ, (S,S) = (S,S), (Ω,F ,P) = (Ω,F ,P), Zn = Zn, G = G, g = g, Θ = Θ
for n ∈ N in the notation of Corollary 4.7.1), (5.17), (5.18), (5.20), (5.27), (5.28),
(5.11), and (5.10) therefore assure that {x ∈ Rd : g(x) = 0} = {Ξ} and that there
exists C ∈ R such that for all n ∈ N it holds that
|E[ψ(Θn)]− ψ(Ξ)| ≤ Cn2ε−1. (5.29)
The proof of Corollary 5.1.2 is thus completed.
5.2 Weak error estimates for SGD optimization
methods in the case of objective functions with
linearly growing derivatives
Corollary 5.2.1. Let d ∈ N, ξ, Ξ ∈ Rd, ε ∈ (0, 1/2), η, L, c ∈ (0,∞), ψ ∈
C2(Rd,R), let (S,S) be a measurable space, let (Ω,F ,P) be a probability space,
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let F = (F (θ, s))(θ,s)∈Rd×S : Rd × S → R be (B(Rd) ⊗ S)/B(R)-measurable, let
Zn : Ω → S, n ∈ N, be i.i.d. random variables, assume for all s ∈ S that (Rd ∋
θ 7→ F (θ, s) ∈ R) ∈ C3(Rd,R), assume for all θ, ϑ ∈ Rd that
E
[‖(∇θF )(θ, Z1)‖2Rd] ≤ c[1 + ‖θ‖Rd]2, (5.30)
max
i∈{2,3}
inf
δ∈(0,∞)
sup
u∈[−δ,δ]d
E
[|F (θ, Z1)|+ ‖( ∂i∂θiF )(θ + u, Z1)‖1+δL(i)(Rd,R)] <∞, (5.31)
〈θ − ϑ,E[(∇θF )(θ, Z1)]− E[(∇θF )(ϑ, Z1)]〉Rd ≥ L‖θ − ϑ‖2Rd , (5.32)∥∥E[( ∂3
∂θ3
F )(θ, Z1)
]∥∥
L(3)(Rd,R)
+ max
i∈{1,2}
‖ψ(i)(θ)‖L(i)(Rd,R) < c, (5.33)
and ‖E[(∇θF )(θ, Z1)]‖Rd ≤ c‖θ−Ξ‖Rd (cf. Corollary 2.2.5), and let Θ: N0×Ω→ Rd
be the stochastic process which satisfies for all n ∈ N that Θ0 = ξ and
Θn = Θn−1 − ηn1−ε (∇θF )(Θn−1, Zn). (5.34)
Then
(i) it holds that {θ ∈ Rd : (E[F (θ, Z1)] = infϑ∈Rd E[F (ϑ, Z1)])} = {Ξ} and
(ii) there exists C ∈ R such that for all n ∈ N it holds that
|E[ψ(Θn)]− ψ(Ξ)| ≤ Cn2ε−1. (5.35)
Proof of Corollary 5.2.1. Throughout this proof let f : Rd → R satisfy for all θ ∈ Rd
that
f(θ) = E[F (θ, Z1)]. (5.36)
Observe that (5.30) ensures that for all θ ∈ Rd it holds that
E
[‖(∇θF )(θ, Z1)‖Rd] ≤√E[‖(∇θF )(θ, Z1)‖2Rd] ≤ √c[1 + ‖θ‖Rd]. (5.37)
This and (5.31) imply that for all θ ∈ Rd it holds that
E
[|F (θ, Z1)|+ ‖(∇θF )(θ, Z1)‖Rd] <∞. (5.38)
Next note that (5.30) and Lemma 3.6.1 (with n = 2, p = 2 in the notation of
Lemma 3.6.1) demonstrate that for all θ ∈ Rd it holds that
E
[‖(∇θF )(θ, Z1)− E[(∇θF )(θ, Z1)]‖2Rd]
= E
[‖(∇θF )(θ, Z1)‖2Rd]− ‖E[(∇θF )(θ, Z1)]‖2Rd
≤ E[‖(∇θF )(θ, Z1)‖2Rd] ≤ c[1 + ‖θ‖Rd]2 ≤ 2c(1 + ‖θ‖2Rd).
(5.39)
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Combining this, (5.38), and [53, Lemma 4.8] (with d = d, p = 2, κ = 2c, (Ω,F ,P) =
(Ω,F ,P), (S,S) = (S,S), X = Z1, F = F , f = f in the notation of [53, Lemma 4.8])
ensures that for all θ ∈ Rd it holds that
f ∈ C1(Rd,R) and (∇f)(θ) = E[(∇θF )(θ, Z1)]. (5.40)
This and the assumption that ∀ θ ∈ Rd : ‖E[(∇θF )(θ, Z1)]‖Rd ≤ c‖θ − Ξ‖Rd prove
that for all θ ∈ Rd it holds that
‖(∇f)(θ)‖Rd ≤ c‖θ − Ξ‖Rd. (5.41)
Hence, we obtain that
(∇f)(Ξ) = 0. (5.42)
Combining this with (5.40) and (5.32) assures that for all θ ∈ Rd it holds that
〈θ − Ξ, (∇f)(θ)〉Rd ≥ L‖θ − Ξ‖2Rd . (5.43)
This proves that for all θ ∈ Rd it holds that
〈θ, (∇f)(θ + Ξ)〉Rd ≥ L‖θ‖2Rd. (5.44)
The fundamental theorem of calculus hence demonstrates that for all θ ∈ Rd it holds
that
f(θ) = f(Ξ) +
[
f(Ξ + t(θ − Ξ))]t=1
t=0
= f(Ξ) +
∫ 1
0
f ′(Ξ + t(θ − Ξ))(θ − Ξ) dt
= f(Ξ) +
∫ 1
0
〈(∇f)(Ξ + t(θ − Ξ)), t(θ − Ξ)〉Rd
1
t
dt
≥ f(Ξ) +
∫ 1
0
L ‖t(θ − Ξ)‖2Rd
1
t
dt
= f(Ξ) + L ‖θ − Ξ‖2Rd
∫ 1
0
t dt = f(Ξ) + L
2
‖θ − Ξ‖2Rd .
(5.45)
The hypothesis that L ∈ (0,∞) therefore ensures that for all θ ∈ Rd\{Ξ} it holds
that
f(θ) ≥ f(Ξ) + L
2
‖θ − Ξ‖2Rd > f(Ξ). (5.46)
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This establishes item (i). Moreover, observe that (5.41) and (5.43) ensure that for
all θ ∈ Rd, r ∈ (0,∞) it holds that
2〈θ − Ξ,−(∇f)(θ)〉Rd + r‖(∇f)(θ)‖2Rd ≤ −2L‖θ − Ξ‖2Rd + rc2‖θ − Ξ‖2Rd
= (rc2 − 2L)‖θ − Ξ‖2Rd.
(5.47)
Therefore, we obtain that
inf
r∈(0,∞)
(
sup
θ∈Rd\{Ξ}
[
2〈θ − Ξ,−(∇f)(θ)〉Rd + r‖(∇f)(θ)‖2Rd
‖θ − Ξ‖2
Rd
])
< 0. (5.48)
Combining this with (5.42) and, e.g., [53, Proposition 2.16] (with d = d, ϑ = Ξ,
〈·, ·〉 = 〈·, ·〉Rd, ‖·‖ = ‖·‖Rd, g = −(∇f) in the notation of [53, Proposition 2.16])
prove that there exists M ∈ (0,∞) which satisfies for all θ ∈ Rd that
〈θ − Ξ, (∇f)(θ)〉Rd ≥ M max{‖θ − Ξ‖2Rd, ‖(∇f)(θ)‖2Rd}. (5.49)
This, (5.40), and (5.32) assure that for all θ, ϑ ∈ Rd it holds that
〈θ − ϑ,−(∇f)(θ) + (∇f)(ϑ)〉Rd = −〈θ − ϑ, (∇f)(θ)− (∇f)(ϑ)〉Rd
≤ −L‖θ − ϑ‖2Rd
≤ −min{L,M}‖θ − ϑ‖2Rd
(5.50)
and
〈θ − Ξ,−(∇f)(θ)〉Rd = −〈θ − Ξ, (∇f)(θ)〉Rd ≤ −M‖(∇f)(θ)‖2Rd
≤ −min{L,M}‖(∇f)(θ)‖2Rd.
(5.51)
Corollary 5.1.2 (with d = d, ξ = ξ, Ξ = Ξ, ε = ε, η = η, L = min{L,M} ∈ (0,∞),
c = c, ψ = ψ, (S,S) = (S,S), (Ω,F ,P) = (Ω,F ,P), Zn = Zn, F = −F , g = (Rd ∋
θ 7→ −(∇f)(θ) ∈ Rd), Θ = Θ for n ∈ N in the notation of Corollary 5.1.2) therefore
establishes item (ii). The proof of Corollary 5.2.1 is thus completed.
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